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PREFACE 


This book has been written for science and engineering students 
in schools and universities with two objects in view: to show how the 
fundamental principles of Hydrostatics are applied in the various 
branches of Engineering, and to cover the requirements in Hydrostatics 
of the various Higher School Certificate examinations, and of Univer- 
sity Scholarship and Intermediate Degree examinations. 

No apology is now needed for using elementary calculus in various 
proofs, although alternative methods are generally also given. A large 
number of worked examples have been included to give adequate 
illustration of the principles involved. 

Acknowledgement is due to the Senate of the University of 
London for permission to use questions set at their Higher School 
Certificate and Intermediate Arts, Science, and Engineering 
examinations. 


June 1948. 


E. E. P. 
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INTERMEDIATE HYDROSTATICS 


CHAPTER I 

FLUID PRESSURE 


1. Hydrostatics 

Hydrostatics is the name given to the study of the equilibrium of 
fluids at rest and to the forces maintaining equilibrium. As the name 
implies, it is a branch of Statics dealing originally with water, a typical 
liquid, and later extended to cover all fluids. The subject is believed 
to have originated with the work of Archimedes (250 b.c.), but it 
was not until 1653 that the fundamental principles of the theory of 
hydrostatics were clearly explained and illustrated by the French 
philosopher and mathematician, Pascal. These principles have a very 
wide field of practical application; first, because many practical 
appliances such as pumps, hydraulic presses and turbines function by 
reason of them, and secondly, because they form the basis of the subject 
of hydrodynamics which deals with the motion of fluids under the action 
of forces and the motion of solids through fluids, and consequently 
embraces such practical problems as the flow of liquids through pipes, 
the shape of the section of aeroplane wings, the stability and shape 
of ships, and many others. The parts of the subject which are of 
particular importance to the practical engineer are termed Hydraulics. 
Some of the appliances dependent on hydrostatical principles are 
considered in Chapter XI. 

We begin our study of Hydrostatics by examining more closely 
what we mean by such words as fluid, liquid and solid. 

2. The three forms of matter 

All matter may be classified into two groups, solid and fluid and, 
as the name implips, a fluid is a substance which flows or is capable of 
flowing. Fluids (of which water and air are the two most common) 
may be subdivided into liquids (e.g. water) and gases (e.g. air), and it 
is important to notice some of the characteristics of each of the three 
groups.- 

A solid tends to keep its same shape for an indefinite length of time 
and consequently offers considerable resistance to any force tending 
to change its shape or volume. 

A liquid is a fluid which offers very little resistance to a force tending 
to change its shape, but considerable resistance to a force tending to 
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change its volume, «( it does not change its \ olume very much Tot 
\ anations in pressure, but it readily assumes the shape of the vessel 
m ivhich it is contained 

A gas is a fluid which is readily compressed and changes in volume 
with, change of pressure If a quantity of gas is introduced into a 
closed vessel it will expand and fill the vessel and consequently will 
have no free surface 

These distinguishing characteristics arc com cmently summed up 
in the words — 

A solid has both size and shape, 

A liquid has size but not shape, 

A gas has neither size nor shape 

All the chemical elements and many other substances can exist 


Fig 2 



in all three forms, depending upon external conditions h\ ery one 
is familiar with ice, water and steam, different forms of the same 
substance produced by % anations m temperature It was not, however, 
until comparativ ely recently (1876) that air, oxygen and nitrogen were 
liquefied by the French physicists Cadletet and Fictct Although 
the three forms are distinct, the change from one to another is gradual, 
dunng which the substance may exhibit some of the characteristics 
of both the neighbounng states 

3 Solids and fluids 

Since we are concerned in this book with fluids we must consider 
a little more deepli the e*«cntial differences between solids and fluids 

Suppose we have a solid block of wood divided by an imaginary 
plane AB into an upper part and a lower part (Fig 1) The upper 
part exerts downward forces on t! e lower part by reason of its weight 
and bv the methods of Statics (see Tutonal Status, p 21) the«e 
downward forces mar be resolv rd into forces at right angles to the plane 
section and those parallel to this section as shown in the sectional 
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diagram (Fig. 2). The forces N con stitute a normal thrust across 
the sec tion, and the forces S arc termeifsJica ring forces. Th e directi ons - 
as~sho wn a r c those of t he component fo rces~~excrtcd by tho upper 
part of thejdock on to tlic lower and in consequenco tlie lower part 
exerts equal and opposite forces on the upper part by Newton’s Third 
Law of equal action and reaction. All th ese combined forces arc c alled 
the stress at the section, while the shearing forces and their count er~ 
balancing forces alone constitute the shearing stress at the section. 
It is clear that the solid block can withstand the shearing stress indicated 
above and it does this by virtue of its rigidity. Since it also withstands 
the normal thrust across any section we arrive at the following definition. 
A solid is a body which offers permanent resistance to any form of 
stress, providing the stress is not too great. 

It is obvious that if too great a stress be applied the solid may 
break, but it is the permanent 
resistance which it offers 
which distinguishes it from a 
fluid, for a fluid is incapable 
of withstanding permanently 
any shearing stress, however fs| 
small. It is obvious from 
experience that if, in Fig. 1, 
the upper part is imagined 
to be fluid, no equilibrium is . 
possible, the fluid deforms and I 
runs down — it has no rigidity,— l 
In the above definition of a fluid, the reason for the qualification 
“ permanently' ” is that some fluids are sluggish or viscous and 
may require time before motion is produced by a shearing stress, but 
however viscous a fluid may be, a shearing stress, although small, will 
eventually produce motion so that the equilibrium of a fluid under 
shearing stress is impossible. On the other hand, a fluid of low viscosity 
flows rapidly under such a stress. Since we shall only be dealing with 
fluids at rest we shall not be concerned with viscosity, we need only to 
realise that in any fluid in equilibrium there can be no shearing stress. 

4. Fundamental property of a fluid 

From the fact that a fluid possesses no rigidity we may deduce 
the following fundamental property of a fluid: — when a fluid is in 
equilibrium, the force which it exerts on any surface with which it is on 
contact, is at right angles to that surface. 

Let Fig. 3 represent a section of a vessel containing a fluid, and 
suppose that F represents the force which the fluid exerts on a small 
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area in the side of the vessel We are not concerned here with the 
magnitude of the force but onlj its direction I et the direction of 
F malcc an angle 0 with the \ertical Then F may be rcsohcd into 
its tw o components 2\ and S at nght angles so that 

S =3 F cos 0 

and N = F sin 6 (sec Tutorial Statics, p 21) 
But the force S is a shearing force which would make the particles of 
fluid slide down the walls of the vessel Thus motion would 
ensue which is contran to our original statement that the fluid 
is in equilibrium Hence for equihl num S must equal zero 
so that 

F cos 0 — 0 

Thus either h = 0 or cos 0 = 0 

We know by experience that F does not equal zero because if a portion 
of the side of tbe vessel be removed the fluid will run out so that there 
is certainty some force F Thus cos 6 — 0 1 1 0 = 90° and the force 
F is therefore wholh perpendicular to the surface 

5 Perfect fluid 

Jt is often convenient to imagine a fluid such that whether at rest 
or tn » otion the force exerted bj it on any surface with which it is 
in contact is at right angles to that surface Such a hypothetical 
fluid is called a jierfect fluid and m consequence of this definition there 
can be no force in the nature of fnction between the fluid and a surface 
in contact with it This idea of a perfect fluid becomes of much 
more importance in tl e subject of 11} drod} namics it docs not greatly 
concern us in Hydrostatics since as we have seen if a fluid is in equi 
librium whether it be very viscous or not it always exerts a force nt 
right angles to any surface with which it js in contact It is, however, 
worth while to notice the value of Such a conception U first sight 
it might appear illogical to take as a perfect fluid an imaginary fluid 
which does not exist in Nature especially as an aid to the formulation 
<3>C \uavr%1 '.its W. v.wiwVn.’wg, thresstvcul 'a'ts. %•$ 
flow of such a fluid may be fairly easily established and then modified 
to take into consideration the deviations of actual fluids from tl c ideal 
of a perfect fluid 

6 Pressure of a fluid 

I-et us consider some experimental evidence on the thrust or push 
exerted by a fluid 
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Suppose Fig. 4 represents a section of a fluid contained in a 
rectangular vessel. We know by experience that the fluid will spurt 
out of a hole at A with more force than it would out of a hole at B, 
•providing the areas of the holes are the same, showing that the fluid exerts 
a greater thrust on the area at A than at B. Since the area is an 
important factor in these considerations we denote the thrust per 
unit area by the term pressure. If the thrust has the same value over 
all the parts of our small area, we say that the pressure is uniform. 
In this case the pressure is not uniform and, as we shall see later (§ 16), 
it increases uniformly with the depth. Suppose we have a small area, 
a square feet, in the sides of the vessel, and that the total thrust on this 

N 

area be N lb. wt. Then the average pressure over this area is — lb. wt. 

a 

per sq. ft. If we imagine the area a to be diminished, the total thrust 

N 

N is consequently diminished and the limiting value of — as a reduces 

a 

to zero is called the pressure in- 
tensity at the point to which the 
area is reduced. It will still be B 
in units of lb. wt. per sq. ft. It 
is obvious that there is a pressure 
intensity all round the boundary 
between the fluid and the vessel, 
but it is not quite so obvious that 
there is also a pressure intensity A 
at every point within the fluid. 

This may be shown as follows. 

Imagine what would happen if a 
volume S of the fluid were removed from the interior (Fig. 4) : the 
surrounding fluid would rush in and fill the cavity and thus the fluid 
which is in fact enclosed by S must exert a counteracting thrust on 
the surrounding fluid. Thus there are pressure intensities at all points 
of the boundary of the volume S, and since this may be anywhere there 
is a pressure intensity at all points of the fluid. 

We know the direction of the pressure at points where the fluid 
is in contact with the vessel, but we now require to investigate the 
nature of the pressure intensity at points within the fluid. 

7. The pressure intensity at any point in a fluid at rest is the same 
in all directions 

Consider an imaginary prism drawn in the fluid of triangular section, 
sides a, b, c inches, the length of the prism being d inches (Fig. 5). 
The fluid contained by the prism is in equilibrium as a result of the 
pressure of the liquid outside the prism on the three rectangular faces 
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and two triangular ends of the pnsm together with the n eight of the 
fluid in the pnsm \\ e may consider the pressure on each face to he 
equivalent to a single force Suppose that the base of the prism is 
m a horizontal plane, then resolving the forces horizontal!) along the 
avis of the pnsm the forces on the two ends are equal and opposite 
If wcresoh e the remaining forces 
in a plane at right angles to the 
axis of the pnsm we obtam 
v aluable information concerning 
the average pressures over the 
rectangular faces Let p,, p, 
p, represent the average pres 
sures ov er these faces in lb wt 
per square inch and let the fluid 
weigh tc lb wt per cubic inch 
Then the total force exerted bj 
the fluid outside the pnsm over 
the face of sides a d is j\nd lb wt , since the area of this face is ad sq 
m Similarly, the total forces over the other faces are pjxi, and //d 
and the weight of the fluid in the pnsm (W ) is Jc a sin a d tc These 
forces are shown m the sectional diagram (Fig 6) Resolving the«e 
forces honzontallv wc have 

p,od «n a = p,fxf sin £ (i) 

and resolv mg v crticall) 
nod cos a + pjM cos £ -f \\ 

= p/d (ll) 

From the geometrj of the tn 
angle (Fig C) the perpendicular 
height = a sin o = 6 sin £ and 
the side c ~ a cos a + b cos £ 

U'ing the first relation mequa 
tion (i) we have 

Pi^Px 

and then equation (u) becomes 
p,rf (a COS a -f b cos £) + 

m S=JV > i 

P,dc + sin a = p/d 

Pi + Jaw nn a — p, 
lie are interested in the pressure at a point m the fluid so we con 
aider what happens in the limiting case when the pnsm becomes smaller 
and smaller If the pnsm shrinks to a line keeping a and £ fixed, 
then as a tends to tero ao also most $atr sm a and consequenth our 
h«t relation becomes tn tl e limiting case p, » p. 


P, ad- 
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Also when the triangle reduces to a point the pressures p v p„, p 3 which 
were average pressures become in the limiting case the pressure 
intensities at the point, so that our final result is 

Pi = Pa = Pa, 

and since a and may have any values we deduce that the pressure 
intensity in a fluid at rest is the same in all directions. 

8 . Units 

We have already defined pressure as force or thrust per unit area, 
and in the cases we have considered we took 1 lb. wt. as the unit of 
force. We might equally well have expressed our pressure in poundals 
per square inch or per square foot or in dynes per square centimetre. 
Let us illustrate with one or two examples. 

Example 1. — If a ton of water is contained in a rectangular tank 
whose base is 4 ft. x 2 ft., the whole thrust on the base 

= 1 ton wt. = 2240 lb. wt. 
and the area over which it is distributed = 8 sq. ft.; 

pressure intensity on base of tank = — s — = 280 lb. wt. per sq. ft. 

= ff? = 1-94 lb. wt. per sq. in. 

Example 2. — If the pressure of the steam inside a boiler is 140 lb. wt. 
per square inch, to find the thrust supported by the ends of the boiler, 
given that they are circular and 6 ft. in diameter. 

Here the area of either end = X (v ) 2 sq. ft. = -f- sq. ft. 

= a8|A= sq . in . ; 

and the pressure intensity = 140 lb. wt. per sq. in.; 

thrust on either end = 2 -f — x 140 = 28512 x 20 
= 570240 lb. wt. = 254y ton wt. 


Example 3. — To express a pressure intensity of 15 lb. wt. per square 
inch in (i) ton wt. per square foot, (ii) pmmdals per square foot. 

(i) On 1 sq. in. the pressure produces a thrust of 15 lb. wt. 
Therefore, on 1 sq. ft. (=144 sq. in.) the pressure produces a thrust 
of 15 x 144 lb. wt.; 

pressure intensity = 15 X 144 lb. wt. per sq. ft. 

15 x 144 t 
= - 22 | 0 - ton wt. per sq. ft. 

. = f | of a ton per square foot. 
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(n) Talcing tlic acceleration of gravity a* 32 ft per sec per see , 

1 lb weight « 32 poundnls; 

/, pressure intensity »-* 16 x 141 X 32 poundals | er square foot 
*-» CO 1 20 poundals per square foot 


Euunplo 4 -—To rrprru n prfiiurt tntenilil'J °J 1000 vz ul per tyunre 
foot in pound* trnyhl jiff tyn nrt i nth 

On 1 rcj ft (*-» 144 wj in ) the pressure exerts A force 1000 ox Wt 
Therefore, cm 1 «j m the pruwntc ixirl» a force 


1000 
” 144 


or «t 


_!00° 
^144 X J<* 


lb wt ; 


pressure intensity *-» <- 0 431028 )h wt p<r*q m 

HI x 1C 


Example &, — 1 o fipttnt a prtnute of I hhvj i tt j#r npinre 
inrtrr (i) in grmnmra wvjht prr tpinre crnUmftfr, ft)) t» COS dyvnmicnl 
until 

On I sq rnctri (« JfX>* eq cm ) the prCK»re ixcrla a fence 
I led ojl •-* I OCX) grin wt 

Therefore, on 1 aq cm the pressure exert* n force 

« ***** grin wt - 0 1 grin w t 
100* K 

Hence f»r> s*ure intensity 0 1 grin wt per *q cm 

The COS liynmmcnl milt of pressure t* & pressure of 1 dyne 
per square ce iiUmetre 

Kow the acceleration of gravity « 081 ciU per n«c jk r s<c , 
weight of a gramme «- 081 dyne*, 
giten pressure intensity « 081 y 0 1 ^ 98 1 elyne<i j>er sq cm 

0 Tranjmkrfhllity of fluid pressure 

When any prewetire in applied to any part of the atirfnre of a fluid, 
an equal ami uniform j rcsstire Is transmitted <>' er the whole fluid 

Thu principle Is also known as Pascals f and we may senfy 
it experimentally as follows Suppose fluid » contained in a closed 
teasel !n which there ure attached a nuniler of tubes housing futons 
to which force* may be apj lied (Fig 7), and »up)*>*e tl at fi r a js>*itiim 
of equilibrium the forces required are F, 7t, T |h wt f>iip|H)** also 
that the crons serf mnal areas of tl e tul<es are <r h,e,d»n m osimlieated 
on the diagram 
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Suppose that an additional pressure (p lb. wt. per sq. in.) is applied 
to piston A, i.e. an additional force of pa lb. wt. ; then it will be found 
necessary to apply additional forces of pb, pc, pd lb. wt. to R, S and T 
respectively in order to maintain equilibrium, showing that the pressure ' 
against them has been increased by p lb. wt. sq. in. In other words, 
the additional pressure p applied to A has transmitted itself through 
the fluid to the other pistons. 

This experiment is difficult to set up and we may prove the principle 
by means of the Conservation of Energy. Suppose the piston A is 
pushed in a distance x in. by the force of P lb. wt., resulting in piston D 
being moved out a distance y in. against the force T lb. wt., pistons 
B and C being fixed in position meanwhile, so that the total volume 



remains unaltered. Since a fluid offers no resistance to changes of 
shape which do not alter its volume, no work is done on the fluid 
itself by moving the pistons A and D. Therefore the work done by F 


is equal to the w r ork done against T, 

i.e. Fa; = Ty (i) 

Also, since no change in volume has taken place 

ax= dy (ii) 


Dividing (i) by (ii) 

F_ T 
a d 

F T . 

But — is the pressure (in lb. wt. per sq. in.) on the piston A and - is 
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the pressure on the piston D Thus the pressures on these pistons are 
equal Similarly wc may prove that the pressures on the other pistons 
arc also equal 

10. The Bramah (or Hydraulic) Press 

This is a practical application of the principle of transmlssibihty 
of fluid pressure considered in the last section 

Essentially the Hydraulic Press consists of a wide vertical cylinder 
connected hy a tube near its base to a narrow v crtical cylinder (Fig 8) 
Each cj Under has a piston fitted and the space below the pistons is 
filled with water The narrower piston (the pump plunger) is driven 
downwards, giving rise to a movement upwards of the larger piston 
(the press plunger or ram) which maj compress material between 
itself and a fixed horizontal platform fitted abov e What at first 



Fig 8 


sight may appear surprising is that a tmall force on the pump plunger 
gives rise to a larger force on the press plunger or ram Suppose that 
the cross sectional areas of the pistons are a b sq in as indicated on 
the diagram so that 6 is greater than a Then a downward force of 

Q lb wt on the pump plunger gives a pressure of ^ lb wt per sq in 

which, b) 9 above, is transmitted through the liquid to the 
larger piston If \l lb wt is the compressive force wlieh it exerts, 

then the pressure on the piston is ^ lb wt per sq in , and the pressure 
is due to, and must be equal to, that of the ram 

Q_w 

a b' 

6 ^ 


Thus 
3 that 


W = 
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Since b > a, W > Q, and the compressive force of W is greater than 
the applied force Q in the ratio of their cross-sectional areas. For 
instance, if the larger piston has four times the cross-section of the 

smaller piston, then b — 4n, so that - = 4 and consequently W = 4Q, 

d 

i.e. the compressive force is four times as large as the applied force. 
In practice it is convenient to apply the force Q by means of a lever as 
shown in the figure. Theoretically, by arranging the ratio of the two 
pistons we may make a small force support a weight of any magnitude. 
This was known as the “ hydrostatic paradox,” but there is nothing 
paradoxical in it since the same fact applies to the lever and every 
other simple machine. 

A few numerical examples are now included. 


Example 1 . — If the pistons of a Bramah press are circular, and 
of diameters 1 in. and 2 ft. respectively, to find the force required to over- 
come a resistance of 9 ton wt. 

Here the areas of the circular pistons are respectively \rt x l 2 
and Jtt X 24 2 sq. in. Also the thrust of the fluid on the larger piston 
is required to be 9 X 2240 lb. wt. 

Hence the pressure of the fluid is 
9 X 2240 

— — lb. wt. per sq. in., 

144-77 


and since the area of the smaller piston is £77 sq. in., the force on it 
9 x 2240 X \n 9 X 560 


must be 


14477 


144 


= 35 lb. wt. 


Example 2 . — If the areas of the two plungers are £ sq. in. and 10 sq. in., 
and the pump-plunger is worked by a lever whose arms are 2 in. and 
28 in., to find the resistance that can be overcome by applying a force 
of 15 lb. to the end of the longer arm of the lever. 

Let Q be the resultant thrust on the plunger. For the equilibrium 
of the lever, we have, by taking moments about the- fulcrum, 

Q X 2 = 15 x 28; 

Q = 15 x 14 = 210 lb. wt. 

This force of 210 lb. wt. is distributed over the area of the small 
plunger, which is £ sq. in. ; 

pressure produced = 210 -f- £ = 210 X 4 = 840 lb. wt. per sq. in. 

This pressure is transmitted to the surface of the larger plunger, 
whose aTea is 10 sq. in. ; 

.'. upward thrust on large plunger = 840 X 10 lb. wt. 

Hence the press can overcome a resistance of 8400 lb., that is, 
3J ton wt. 
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Example 3—//, tn the last example, the end of the lever j» roued 
and loieeretl through 1 ft at every stroke, to fitvl the number of strokes 
required to raise the press plunger through 1 in 

Since the arms of the lever are 28 m and 2 m respectively, there 
fore, when the end of the longer arm h lowered through 1 ft, the 
pump plunger falls through ft , i e * m 

Hence the volume of water forced out of the pump cvltnder 
$ X * cub in = t 3 4 cub in 

This volume is forced into the priss cylinder, hence the press 
plunger rises at each stroke through — 10 in , i e through xlz 6 * * * 10 
Hence the number of strokes required to raise it through 1 in is 
«= = *01 

Hence 46 complete Btrokes must be maile, and the lever must be 
pressed two thirds down in the 47th stroke 


Exercises I 

(1) If a gallon of water weigh* 10 lb and a cubic foot weigh* 1000 o* , how 
many gallon* are there in a coble foot T 

(2) Compare (i t find the ratio of) the following pressures — 

(i) 14 lb wt jicr square inch and fi ton wt per square yard 
(h) 2S lb wt per square inch and 16 2 ton wt per aquare foot 
(in) 2$ grm wt per square centimetre and 16 I lulog wt per square metre 

(3) A piston (K) in in area i* inserted into one aide of a closed cubical vessel 
measuring 10 ft each way, filled with water, the piston is pressed inwards 
with a force of 12 lb wt Find the Increase of threat produced on the 
fix aides of the vessel 

(4) The neck and bottom of a bottle are} in and 4 in in diameter respectively 
If when the bottle is full of water, the cork J* press'd in with a force 
of 1 lb , what force (a nerlrd upon the bottom of the tattle 1 

(3) A prism, whose height is 10 mm anl whose base is an isosreh** triangle 
with aides 10 10,12mm respectively. U placed In a flui 1 where the average 
pressure it 100 grm wt per square centimetre • I wd the thrusts on the 
respective faces, and the ratios to them of tie weight of water required 
to fill the pmm 

(6) If all the dimensions of the prism (tee the list question) be reduced 

to one-tenth of the above measurements ihow that these ratios will be 

one tenth of tlieir previous values lienee show that, if a f ri*m 

be taken suflcwntly small, the weight of the fluid In it van be neglected 

In comparison w ith thrusts of the fluid on its fares 
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(7) In a hydraulic press the pump-plunger is n cylinder 1 cm. in diameter, 
and makes a stroke 7 cm. long. Tlio plunger of the press is 20 cm. in 
diameter. Calculate (a) the pressure in tho press when a weight of 100 lb. 
is applied to tho pump-plunger (ignoring friction); (4) tho forco acting 
on tho press-plunger; (<-) tho number of strokes which tho pump must 
mako in order to raise tho press-plunger 10 cm. 

(8) In tho Bramah press tho areas of tho two cylinders arc J sq. in. and 
5 sq. in., and the lengths of tho arms of tho lever by which it is worked 
are 30 in. and 1J in. How much thrust is obtained by applying to tho 
end of the longer arm a forco of 15 lb. ! 

(!)) In tho Bramah press tho areas of the two pistons are i sq. in. and 16 sq. in. 
respectively. If the lengths of tho arms of the lever aro in tho ratio of 
20 : 1, what force must bo applied at tho end of tho lover in ordor to 
produce a thrust of 16,000 lb. wf. ? 

(10) Tho pump plunger of a Bramah press has a diameter of 1 in. and is worked 
by a lever with a velocity ratio of 10 : 1. Tho diameter of tho ram is 
1 ft. and a forco of 20 lb. wt. is applied to tho handle of tho lever. Find 
the force exerted by the ram, if tho efficiency of tho press is 70%. 

(11) Tho cross-sectional area of tho ram of a hydraulic press is n times that 
of its piston. If tho resistances duo to friction aro F and R lb. wt. at 
the piston and ram respectively, show that to raise a weight of \V lb. 
on tho ram it is necessary to apply a forco to tho piston of amount 
(IV -f- B + nF)/n lb. wt. 

(12) Express a pressure of 30 lb. wt. por square inch in kilogrammes per square 
centimetre, given that 1 lb. = 453-6 grm., and 1 inch = 2-54 cm. 


ANSWERS 

1. 6}. 2. (i) 81 : 80; (ii) 1 : 9; (iii) 400 : 23. 

3. 172,800 lb. wt. 4. 64 lb. ut. 

5. 100 gnn. wt., 100 grm. wt., 120 grm. wt., 48 grm. wt., 0-0048, 0 0048, 

0-004, 0-01. 

7. (a) 127 t 3 r lb. wt, per sq. cm.; (6) 17!) ton wt.; (c) 571). 

8. 14,400 lb. wt. 9. 12£ lb. wt. 10. 9 ton wt. 

12. 2-11 kilog. por sq. cm. 



CHAPTER II 

DE>SITF AND SPECIFIC GRAYITT 
11. Mass and weight 

The distinction between mi's and weight is 50 important in Hvdro- 
statical work that we propose to consider it here, together with the 
pound and poundal, although this more properly belongs to the study 
of Dynamics 

Matter is a fundamental conception. We cannot define it satis- 
factorily, but we perreive it by our sense of touch and through the 
effort required to produce in it a sudden change of motion. This 
latter property we term inertia The measure of the inertia of a 
body is called its maw 

The trei ght of a bode is the force with which the earth attracts 
it and consequently, as with anv other force, it has a direction 
associated with it The mass of a bode has no direction, it is simple 
a qu&utitv A distinction is made between quantities such as mass, 
temperature and volume (which have magnitude but no direction), 
there are called ecafar quantities and measures such as force, re!oci‘y 
and acceleration which have direction as well as magnitude, there 
are called rectors Thus mass a scalar, but weight is a vector The 
unit of weight we have used so far is the weight of a one pound 
and this has been convenient 0 L 0 as a unit of force It most be realised 
that a mass of one pound has a weight of one pound, because the earth 
attracts a one pound mass with a force of 1 lb wt Everywhere in 
this book we shall distinguish between units of mass and weight by 
writing lb for mass amts and lb wt. for weight units Similarly in 
the C GJS system we shall distinguish grm- from grm. wt For this 
reason all the forces we used in Chapter I are given in lb wt , ton wt , 
or gnu. wt 

There is an alternatn e method of measuring forces to the lb wt 
which is fundamentally important The earth attracts a one pound 
mass with a slightly varying force according to its position on the earth 
Consequently 1 lb wt is not constant at all parts of the earth, and an 
alternative measurement of force derived from Newton’s Second 
Law of Motion. From this law it may be dedneed (ree Tutorial 
Dynamics, p SO) that if a force acts on a bodv at rert and produces 
an acceleration, then the force is proportional to the mass of the bodv 
multiplied by the acceleration Suppose the bodv to have a raasa of 
14 
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m lb. and the acceleration produced to be/ ft. per sec. per sec., then if 
F (in unspecified units as yet) is the force, we have 

F cc mf, 
or F = hnf, 

where k is the constant of proportionality. Since the unit of force is 
unspecified we may choose it to make k = 1, and then we may write 
F units of force = mf, 

where m is in pounds and / in ft. per sec. per sec. Thus, when m is 
one pound and / is 1 ft. per sec. per sec. we have defined this new unit 
of force, i.e. 

1 unit of force gives a mass of 1 lb., an acceleration of 1 ft./sec. 2 . 
It is this unit which is called a poundal, and since it does not depend 
on the slightly variable acceleration due to gravity it is termed an 
absolute unit whereas 1 lb. wt. is termed a gravitational unit of force. 
Since, however, both the poundal and the lb. wt. are units of force 
we may easily determine the relation between them. Assuming that 
at a certain place on the earth, g (the acceleration due to gravity) 
has the value 32 ft. per sec. per sec., then 

1 lb. wt. gives a mass of 1 lb. an acceleration of 32 ft. per sec. per sec., 

but 1 poundal gives a mass of 1 lb. an acceleration of 1 ft. per sec. per sec. 
and consequently we require 

32 poundals to give a mass of 1 lb. an acceleration of 32 ft. per sec. per sec., 
so that 32 poundals are equivalent to 1 lb. wt. at the particular place 
on the earth where g — 32 ft./sec. 2 . At any other place, whatever is 
the numerical value of g, we shall have 

g poundals equivalent to l lb, wt. 

In C.G.S. units the dyne is the unit of force which corresponds to 
the poundal, and assuming g to be 981 cm./sec. 2 we have 

1 grm. wt. gives a niass of 1 grm. an acceleration of 981 cm. per 
sec. per sec.; 

but ldyne gives a mass of 1 grm. an acceleration of 1 cm. per sec. per sec., 
so that 

981 dynes give a mass of 1 grm. an acceleration of 981 cm. per sec. 
per sec., 

i.e. 981 dynes are equivalent to 1 grm. wt. 

12. Density 

The density of a substance is the mass of a unit volume. Thus 
it may be expressed in lb. per cubic foot, lb. per cubic inch, grammes 
per cubic centimetre and so on. 
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For example, a cubic foot of pure water at 4° C weighs very nearly 
1000 ounces consequently 1 cub ft of pure water has a mass of 1000 oz , 
t e the density of pure water = 1000 oz per cub ft 

= 62 5 lb per cub ft 

(In fact, 62 3 lb per cub ft is a more accurate value but 62 5, 
i e 1 Te~» 18 a more convenient arithmetic approximation ) 

In the C 6 S system one gramme is defined as the weight of one 
cubic centimetre of pure water at 4° C , so that the density of pure 
water = 1 grm per cub cm It is customary to denote the magnitude 
of the density of a substance by the Greek letter rho (p) 

It is clear that if we have a body whose volume is V cub ft and 
whose density is p lb per cub ft , then its mass (m) in pounds is given bj 
m s= Vp 

Example —To find the density of lead, having giten that a spherical 
bullet of lead 2 cm in diameter, tceigks 45 7 grm 
The bullet is a sphere whose radius = 1 cm 
Hence its volume = f X V X (l) 3 = cub cm 
Also the mass of the bullet = 45 1 grm 
density of lead = 45 7 X §£ = 10 9 grm per cub cm 

13 Specific gravity 

The specific gravity of a substance is the ratio of the weight of any 
volume of that substance to the weight of an equal volume of the 
standard substance 

The standard substance generally taken is pure water at a tern 
perature of 4° C , and since a specific gravity is the ratio of one weight 
divided by another weight it is a pure number t « it has no dimensions 
For example if we find that a cubic foot of eea water weighs 64 lb 
we may find its specific gravity, remembering that a cubic foot of pure 
water weighs 62 5 lb 

Thus, from the definition above, 

64 

specific gravity of sea water — — 1 ° 2 ^ 

The abbreviation for specific gravity is sp gr 

Again, the specific gravity of mercury 19 about 13 6 This implies 
that a cubic foot of mercury weighs 13 6 times as much as a cubic 
' ot of pure water, » e it weighs 

13 6 X 1000 oz , 
or 8501b 
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We may easily establish the relation between the density and 
specific gravity of a substance as follows: — 

c . , weight of any volume of substance 

The sp. gr. oi a substance = — — : — = — r 

weight of equal volume of water 

(by definition) 

_ mass of any volume of substance 
mass of equal volume of water 
mass of unit volume of substance 
mass of unit volume of water 
density of substance 
density of water 

and consequently 

density of substance = sp. gr. of substance x density of water. 

Notice also, that from the definition of specific gravity, the weight of 
any volume of substance = sp. gr. of substance x weight of equal 
volume of water, and this may conveniently be put in symbols. If a 
volume V cub. ft. of a substance of specific gravity s weighs W lb., 
and if the weight per unit volume of the standard substance (water) is 
w, then the weight of V cub. ft. of water is Vw and the above 
relation becomes 

W = sYw. 

In the C.G.S. system the gramme is chosen so that the density of 

pure water at 4° C. is 1 grin, per cub. cm., and then we have 

„ , density of substance 

sp.gr. of substance = — ; — — » 

r ° 1 grm. per c.cm. 

and thus the specific gravity of a substance is the same as the numerical 

value of its density in C.G.S. units. 


E xam ple 1 . — The density of a piece of crystal is 155-75 lb. per 
cubic foot. What is its specific gravity ? 

Weight of a cubic foot of the crystal = 155-75 lb. 

Weight of a cubic foot of water = 62-5 lb. ; 

weight of substance 

. . Speci c gravitj weight of equal volume of water 


155-75 

62-5 


2492. 


Example 2 . — To find in ounces the weight of a cubic inch of lead 
taking the specific gravity of lead, to be 11-4. 

Weight of a' cubic foot of water = 1000 oz . ; 

G 


ENTER. HYD. 
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weight of a cubic inch of water (te of i ? cub ft ) — J 5 a a 02 
But a cubic inch of lead weighs 114 times as much , 

weight of a cubic inch of lead = ^ = 6 59 oz approx 

Example 3 — If a cubic foot of water weighs 62 5 lb , what is the Height 
of 1 cub tn of gold, the specific gravity of gold being 19 25 1 
Using the notation of the last paragraph, 
to = 62 5 lb wt , s = 19 25 and V = 1 cub in or y-j^ y cub ^ ■ 
W = 19 25 X T hs X 62 5 lb wt 
= 0 696 lb wt 

14 Specific gravity of mixtures 

If given volumes of ingredients of known specific gravity are mixed 
we may calculate their separate weights and hence, knowing the total 
weight and the total volume, we may calculate the specific gravity 
of the mixture 

Example 1 — To find the specific gravity of a mixture of 2 cub ft 
of fresh water and 3 cub ft of sea water, having given that the specific 
gravity of sea-water ts 1 026 

Here 2 cub ft of fresh water weigh 2000 oz and 3 cub ft, of 
sea water weigh 3 x 1 026 x 1000 oz = 3078 oz 
Hence the weight of the mixture = 5078 oz 

Also the volume of the mixture = 5 cub ft 

the weight of an equal volume of water = 5 X 1000 oz , 
the specific gravity of the mixture = * o o o — 1 0156 
It is not really necessary to know the actual volumes of the com 
ponents, provided that their relative proportions are known In 
this case, we may proceed as in the following examples, which may 
be taken as types 

Jxsrrpfl? 2 — jfxid Ah? Jpeeybr jrxtmtp J) f s> jjf it jmzl* 

(by volume) alcohol, 2 parts water, and 1 part glycerine given that the 
specific gravity of alcohol is 0 794, and that of glycerine is 1 26 
Let to be the weight of 1 part of water 

Then * the weight of 3 parts of alcohol = 3 x 0 794u> 

= 2 382u» 

Also the weight of 2 parts of water = 2 w 

Abo the weight of 1 part of glycenne’= 1 26 w. 
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the weight of 6 parts of the mixture = 5-642to. 
But the weight of an equal volume of water == 6 to; 


specific gravity of mixture = 


5-642 

6 


0-9403. 


Example 3 . — An amalgam is formed by mixing 3 volumes of -potassium 
with 7 of mercury, the volume of the amalgam being four-fifths of that 
of its constituents. Find its specific gravity, being given that specific 
gravities of mercury and potassium are 13-596 and 0-860 respectively. 


Let to be the weight of 1 volume of water. 

Theu weight of potassium = 3 jo x 0-860, 

weight of mercury = ho x 13-596. 

Volume of mercury and potassium = 3 vols. + 7 vols. = 10 vols., 
and volume of amalgam = four-fifths of this = 8 vols. ; 

weight of equal volume of water = 8 jo; 

weight of amalgam 


specific gravity = 


weight of equal volume of water 
3to x 0-860 + 7 to x 13-596 


8to 


= 12-219. 


(a) Mixture by Volume . — We may generalise the foregoing. If 
volumes Y v V 2 , Y s , . . . of fluids of specific gravities s 1; s 2 , s 3 , . . . 
are mixed together and the resulting volume U has a specific gravity 
S, then the weight of the mixture is 

SUto, 

where w is the weight per unit volume of the standard substance; 
and this total weight of the mixture must be equal to the sum of the 
constituent weights, i.e. 

SjVpo + s,V 2 w + s 3 V 3 w + ... ■ 

Thus SUto = SjVpo -j- s 2 V 2 to + s 3 V 3 to -f . . . 

or S = (SjVj -{- s 2 V 2 + s 3 V 3 + . . .)/U. 

If there is no contraction or expansion on mixing, then 

U = Vj + Vo + V 3 + . . . and we have 
c , _ s iVi + s 2 V 2 + s 3 V 3 -f . . . 

° y + v. + V 3 + . ' 

(b) Mixture by Weight.— If weights Wj, W 2 , W 3 , ... of the fluids 
of specific gravity s lt s 2 , s 3 . . . are mixed together and the resulting 
mixture has a volume U and specific gravity S; then as before the 
weight of the mixture is 

SUto, 

where to is the weight per unit volume of the standard substance. 
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Since the total weight is the sum of the weights of the constituents 

SU«7= W,+W s -f w 3 + 

so that S = (Wj -{- W, + TV S + )/Uw 

If there is no contraction or expansion on mixing then U, the 
final volume, is the sum of the volumes of the constituents, and these 

w, w, w. 


bo that 
and then 


U.5 + 5+36 + 


w, + w, + iv, + 


We maj conveniently express the results we ha\ e obtained m the 
sigma (£} notation, where we write 

nv r for w t + w, + w, + 

the £Wr simply indicating the sura of all expressions such as W„ W, 
etc Similarly we maj write 

r(« r V r ) for SjV, + *,V 2 + »,V, + 
and so for the mixture by xolume we have 

S = ^ £ (, r V r ) where the final volume is U, 

or S = — if there is no change in volume 

A ' r 

Again, for the mixture bj weight 




if there is no change m volume 


Example — To find the tcetghls of copper (specific gravity 8 8) 
and zinc ( specific gravity 7) in I lb of brass ( specific gravity 8) 

Xet the weight ol copper he z Vo 
Then the weight of zinc is 1 — x lb 

Thus the volume of copper is cub ft where i c is the weight m 

t x 

lb per cubic foot of the standard (water) Also the volume of zinc is 

and the combined x olume of bra s s is ~— 

8w 
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Since we assume that there is no change in volume 

Vol. copper + vol. zinc = vol. brass, 

x 1 — x _ 1 

8-8w Iw 8 w 

n 10 0/1 1 7x8-8 

or lx -1- 8-8 (1 — x) — — — — 


= 7-7; 

/. 8-8 - 7-7 = 8 -8a; - lx 
or l-Sa; == 1-1, 

i.e. x = xi lb. wt. 

Thus in 1 lb. brass there is xi lb. of copper and -fg lb. of zinc. 


Example 2 . — A mixture has to be made by taking m parts by weight 
of one substance and n parts by weight of another. Instead of this, in 
parts by volume of the first and n parts by volume of the second are taken. 
Show that the specific gravity of the mixture is greater than if the proper 
proportions were taken. 


Let the specific gravities of the two substances be Sj and s 2 and let 
S tt , S„ be the specific gravities of the mixtures when taken correctly 
by weight, and incorrectly by volume respectively. 

Suppose the weights of the ingredients which should be taken are 
m lb. of the substance with specific gravity s v and n lb. of the substance 
with specific gravity sv>. Then 

o m + n 


Suppose, also, that the volumes of the ingredients which are actually 
taken are m cub. ft. and n cub. ft. 


Then 

It is required to show that 


ms l -f- ns„ 
m + n 


S„>S 




i.e. that 

i.e. that 


ms 1 + ns 2 
m + » 


m + n 

m n 
— + - 


S So 

ih~ -j- mn - + inn— 
s„ s, 


4- n~ > nr 4- 2nm 4- n 2 by cross-multiplying, 
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* e that * 1 - '^ *■* > 2, 

s.s 2 

tc that *!+*|>2s j 8 2 , 

* e that s\ — £v 2 + si > 0, 

which it is, because the left hand side is (s A — s 2 ) 5 which is always a 
positive quantity and therefore greater than zero Hence S„ > S„ 


Exercises II 

(1) If the rainfall is 1 in , how many tons of water fall on an acre J 

(2) A tank weighs I ton empty and 2 50 ton when filled with pure water. 
If the tank weighs 2 95 ton when filled with oil, find the specific gravity 
of the oil 

(3) The weight of a lorry and empty milk container (capacity 4 cubic yards) 
is 3 ton When filled with milk, the lorry and container weighs 6 10 ton 
Find the specific gravity of the milk 

(4) If 5 cub m of mercury weigh 2 45 lb and 2 cub in of cast iron weigh 
0 52 lb , what ratio does the density of mercury boar to that of east iron I 

(6) The density of cast iron in the C C S system of units is 7 2 What is 
its density in the foot pound system of umta 1 

(6) The outer radius of a spherical leaden bullet containing a spherical cavity 
is R, and its weight is W If w is the weight of a unit votume of lead, 
show that the radius of the canty 



(7) A body has a volume of 54 cub ft and specific gravity of 1 1 A second 
body has a volume of J cub ft and specific gravity 4 95 What is the 
ratio of the mass of the first body to that of the second 1 

(8) Find the specific gravity of a mixture of 2000 oz of fresh water with 
3000 oz of sea water (»p gr sea water is 1 026) 

(9) Find the specific gravity of a mixture of 3 parts hy weight of alcohol 
'fHj> gr v’YbV), 1 part's Yiy ■wtwgVA. tfi -wirtn v?/i i pw*. Vf wwigV. if. 
glycerine (ap gr I 26) 

(10) A nugget of gold mixed with quartz weighs 12 oz . and has a specific 
gravity of 6 4, given that the specific gravity of gold is 19 35, and of 
quartz is 2 15, find (to one place of decimals) the quantity of gold in the 
nugget 

(11) Four pints of alcohol, having a specific gravity of 0 75, are mixed with 
one pint of water (specific gravity 1) Find the specific gravity of the 
mixture, no change of volume being supposed to take place 
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(12) Three equal vessels A, B, C are half-full of liquids, densities'^, d v d 3 , 
respective!}-. If now B is filled up from A and then C from B, find the 
density of the liquid now contained in C, the liquids being supposed to 
mix completely. 

(13) A substance whose specific gravity is 0-7 is dissolved in 10 times its own 
weight of water, and the specific gravity of the solution is 1-01. Bind 
by how much the total volume is reduced. 

(14) If a volume v 1 of a liquid whose specific gravity is s t be mixed with a 
volume t». of a liquid whose specific gravity is « 2 , and the specific gravity 
of the mixture is s, find the change in volume. 

(15) Two liquids A and B have densities in the ratio of 4 : 5. When certain 
volumes are mixed, the volume of the mixture is found to bo one-eighteenth 
part less than the sum of the separate volumes, and the density of the 
mixture is to that of A as 9 : S. Find the ratio of the volume of A to 
the volume of B. 


ANSWERS 

1. 101-28. 2. 1-3. 3. 1029. 

4. 49 : 20, or 1-88 : 1. 5. 450. 7. 96 : 1. 

8. 1-0154. 9. 0-913. 10. 8-90. 

11. 0-8. 12. (tf, + rf. + 2 d,)/4. 

13. 4-703% of the original volume. 

14. {fj (.?, - s) + v, [s t - s)}/s. 


15. 3 : 1. 



CHAPTER III 

PRESSURE OF HEAVY FLUIDS (1) 

Pressure Intensity in Fluids 

15 Equal pressure intensity at all points in a horizontal plane 
In a fluid at rest under gravity, the pressure intensity at all points 
in the same horizontal plane is the same 

This is the first of a number of easily established theorems on the 
pressure intensities at points within a fluid at rest due to the weight 
of the fluid 

Let A and B be two points in a fluid m the same horizontal plane 

(Fig 9) 



Join AB and imagine a cylinder constructed in the fluid with AB 
as axis, of cross sectional area a sq in Then the equilibrium of this 
cylinder of fluid depends on four forces — 

(1) The weight of the fluid in the cylinder, acting \ertically 
downwards 

(2) The force exerted on the cylinder of fluid by the external fluid 
amuu, +Jift 'tnis'wd. surface, of. *hn. 'uylindiw. This- will. ha. p J hem- 
normal to the cursed surface and consequently in the vertical plane 

(3) The force F lb wt exerted on the fluid in the cylinder across 
the end at A 

(4) A similar force N lb wt across the end at B 

Consequently tf we resolve all the forces horizontally we has e only 

to consider the last two and w e lia% e 

F«2f 
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r 


Thus the average pressure over the end at A is - lb. wt. per sq. in., 

Qr 

/N \ 

and this is equal to the average pressure ( — lb. wt. per sq. in. \ over 
the end at B. 

If we now imagine the cylinder to shrink, both F (or N) and a 
diminish, and we have 

•p 

limiting value, as a tends to zero, of - 


limiting value, as a tends to zero, of — , 


F N 

or lim — = lim — 

a y* a a >-o rt 

as it is written in mathematical work 

(or alternatively, (l J^ 0 - = n . 

' a a j 


Now this limiting value was defined as the pressure intensity of 
the point (§ 6) thus 

pressure intensity at A = pressure intensity at B. 

We have shown, so far, that the pressure intensities at points in 
the same horizontal line are equal, but since the pressure intensity 
at any point in a fluid is the same in all directions (§ 7) we deduce 
that the pressure intensities at all points in the same horizontal plane 
are equal. 

A homogeneous fluid is defined as one in which, if any equal volumes 
are taken, the masses of these equal volumes are equal, i.e. the density 
is everywhere constant. 

The theorem we have just proved is true whether the fluid is 
homogeneous or not, since the density was not involved. 


16. In homogeneous fluid at rest under gravity the difference in pressure 
intensity of any two points is proportional to the difference in 
their depths 

Let A and B be two points in the same vertical line and suppose 
that a cylinder is constructed about AB as axis, having a cross-sectional 
area of a sq. in. (Fig. 10). Let p K , p n be the pressure intensities 
in lb. wt. per sq. in. at A and B respectively, and suppose that 
the fluid has a density of p lb. per cub. in. 

Consider the equilibrium of the cylinder of fluid; it is acted upon 
by the following forces: — 

(11 Its weight, W lb. wt. 
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(2) The force due to the external fluid on the end at A, this is 
p A a lb wt 

(3) The force due to the external fluid on the end at B, this is 
p B a lb wt 

(4) The force due to external fluid on the curved surface of the 
cylinder This acts in the horizontal plane 

If we resolve all the forces vertically we shall have a relation 
between the first three of those enumerated above — the fourth will 
not here concern us 

Thus (Fig 11), 

Pa° + W = p s a 






Hi 




aw 


But if AB — z in , then the volume of the cylinder is za cub in 
and consequently its mass is pza lb Thus its weight >3 pza lb wt , 
and the relation above becomes 

Pn a = Ptfl + P M 

or Pr~ Pa = P z 

or Pd ~ Pa* *, 

and since z is the difference in depth of the two points A and B, the 
theorem is proved for the case where the points are in the same vertical 
line, and we may extend this result to the case where the two points 
are not in the same vertical 

Consider Fig 12 If N is the point vertically below A and in the 
same horizontal as B, then by the last theorem, using the same notation, 
but with z — AN 

T\ = 
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But from § 15, p N = p B , because tie ^pressure intensity at points 
in the same horizontal line is the same. Thus’ 

Pb-Pa^PZ 

as before. 

Now suppose the horizontal through B does not lie wholly in the 
fluid (Fig. 13), but suppose we may draw a horizontal line NM where 
N and M are on the verticals through A and B respectively. 

Then, with notation as before, it is clear that 


Fn-Fa = P- a N (i) 

An = Pm (»)■ 

P M — 5> b = p-BM (iii) 

Subtracting (iii) from (i) 


An ~ Pa — Pm + Pb = P- AN ~ p-BM; 



Fig. 12. Pig. 13. 


Using (ii) p a — p K = p (AN — BM) 

= p x difference in depths of A and B. 
Even this does not exhaust all the possibilities, but we may always 
proceed by a series of steps when the same result will be found valid. 
Consider Fig. 14, and the steps that have been drawn. The proof 
in this case is similar to the last, the relations are clearly 


?>x - Pa = P-AN (i) 

An = Pm ' (ii) 

Am — A. = P- LM (iii) 

Ph = Ps ( iv ) 

Fs-Ft = P- t S (v) 

and Pt~Pb ( vi ) 

Add (iii) to (v). 


Pn — Pi, + Pa ~ At = P (LM + TS). 
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Relation (iv ) enables us to cancel — p L with -f p d then, using (n) 
and (vi) this becomes 

P\ — Pd = P (kll TS) 



Subtracting this from (i) 

V n -Pa~ Ps+ Pb = P (AN - LM - TS), 
or p B — Pa = P (Ah» — LM — TS) 

— p x difference in depths of A and B 

17. To find the pressure intensity at any depth of a heavy homogeneous 
liquid 

In the last section we showed that the difference of pressure 
intensity of two points was proportional to the difference in their 
depths, and we may use that result to determine the actual pressure 
intensity at an> given depth Using the notation of the last section 
but taking A m the surface and ns before AB = z, we have 
p B — pressure intensity at surface — pz 

Now the pressure intensity at the surface t s not zero as might be 
imagined The earth’s atmosphere produces a pressure, known as 
atmospkenc pressure , which acts on all surfaces and consequently 
on the free surface of a liquid This atmospheric pressure i aries 
continuously, but it is of the order of 14 7 lb wt per sq in We shall 
discuss experimental methods of determining atmospheric pressure 
in Chapter X 

This atmospheric pressure is then the pressure intensity at the 
surface of the liquid — we shall denote it bj P lb wt per sq in — when 
the last equation becomes 

Pb ~ P = P* 

or Pb — p + P r 
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Exam ple 2 — At i chat depth in the {specific gravity 1*024) w 
the pressure intensity double the atmospheric pressure (14 7 lb irt per 
sq in ) * 

Let the depth he I ft , then 


pressure intensity at depth of l ft = 14 7 lh vrt./^ m J~ pi 
This is twice atmospheric pressure when 
(d = 14 7 lb wt /sq in 

Bnt p (the densitv of sea water) = 1-024 x 62 o lb per cnb ft 
pi ~ 1-024 X 62 5 X fib per sq ft 
1-024 X 625 X 

= lb per sq in 


Thus 


1-024 X 62 5 x 1 
144 


= 14 7 


giving / = 33 7o ft 


Example 3 — A ccrked-up bottle is lottrred to a depth of 2S Jl »n 
« cater and the corL is r V ft in diameter What is the force tending 
to drive the cork in f 

The pressure intensity at depth of 28 ft = 2 s * 000 or. wt per sq ft 
Also the diameter of the cork = -j*y ft 

its area = S1 X (»*)* ■'q ft 
and the force on the cork 

= ** x fe x X 2* 000 or. wt = 1 ? J* or wt = 85f | or wt. 

= 5 lb 5} | oz vrt 


18 The free surface of a heavy liquid at rest is horizontal 

Let M and N be two points in a horizontal plane in a liquid vertically 
below any points A and B in the surface and let and p x be the 
pressure intensities at M and N respectively (Fig 16) 

Then from § 15 Ps — /N 

and from § 17 p K = P -f- p 4M 

and p s = P + p BN 

Thus P + pAM = P+pBN 

te AM = BN 


and so AB is parallel to MN 

AB 13 horizontal 

But A and B were any two points in the surface therefore the surface 
is horizontal. 
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19. The surface of a liquid at rest rises everywhere to the same level 

It is important to notice that we did not assume this in § 16. There, 
we were concerned with the difference in pressure intensity at points 
in a liquid, and we showed that this difference was proportional to the 
vertical distance between one point and a horizontal line through the 
other point. Consequently this did not assume what we are now 
considering; namely, that the surface of a 
liquid at rest rises everywhere to the same 
level. 

Experimental Illustration . — This property 
may be verified experimentally by construct- 
ing an apparatus such as that shown in 
Fig. 17, in which several open vessels of 
different shapes and sizes D, E, F com- 
municate freely with one another. If water 
or any other liquid be poured into one of 
them, it will rise to the same level in 
them all. 

The proof of § 18 holds when the liquid is contained in two or 
more communicating vessels such as D, E. In this case all the free 
surfaces are at the same level, and form part of one and the same 
horizontal plane. If the liquid is contained in a vessel such as that 
shown at F the proof fails, for we cannot construct a vertical column 
whose base is at a point R of the bottom without passing out of the liquid. 

But we can always connect any point R with the surface by means 




of a zigzag of alternately vertical and horizontal straight lines CH, 
HK, KR, and can find the difference between the pressure intensities 
at any two points on this zigzag as we did in § 16. 

Thus, since CH is vertical, w r e have 

pressure intensity at H = p x CH (i) 

where p is the weight of unit volume of liquid. 
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Since KH is horizontal, 

pressure intensity at K — pressure intensity at II = 0 hi) 

Since KR is vertical, 

pressure intensity at It — pressure intensity at K = p x KR (in) 
Therefore, by adding (i) (n), (m), 

pressure intensity at R = p x (CH -f- KR) 

= pX depth of R below surface 

We may now show that the liquid in the vessel F reaches the same 
level as m D For, if R is on the 'ame level as P, the pressures at R 
P are equal, and therefore the depth of R below the surface at C is 
equal to that of P below the surface at A Hence AG is horizontal 

20 To find the pressure intensity at any depth in a liquid which has 
other liquids superimposed without mixing 
IVe may adopt an e vac tty similar method to § 16 hj examining 
the equilibrium of a column of liquid Suppose we have three 
liquids of densities p t p s lb per cub in 
as ‘diown m Fig 18 Consider the equilibrium 
of a vertical cylinder of liquid (AB), of cross 
sectional area a sq in As before b) resolving 
nil the forces vertical!) we have 

Ptfl = Pa -f W (i) 

where />„ is the pressure intensity at B m 
lb wt per <q in P is the atmospheric 
pressure also m lb wt per sq ill and W 
is the total weight of the cylinder of liquid 
in lb wt If the thicknesses of the top two 
layers of liquid are r, and x, in and if the 
point B is x in below the surface of the lowest liquid, then 
tV = oxjp, -f aj-jps -f a'p, (u) 

since the volume of that part of the cylinder m the uppermost liquid 
is oxj cub in and consequently its mass is nxjft lb , and thus its weight 
is oXjPj lb wt , and similarly for the remaining parts of the 
cylinder 

Substituting the result of (n) in (l) we have 

p B o — Pn + a (x 1 p 1 -f Xj/> 2 + zpj) 
or p u = P -f + + zp, 

giving the pressure intensity at the point B 

If we have any number of liquids of densities pj, p s p 3 lb per 
cub in , and if their respective thicknesses are Xj x. x, in , then 


Pa 

*1 








Wjf^: I 


:P,~p,a-z^ 
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the pressure intensity at the lowest point (B) of the lowest liquid is 
clearly given by 

Vu — P + Et rPr- 


21. To find the pressure intensity at any depth of a heavy liquid which 
is not homogeneous 

This is a very simple and instructive extension of the last section 
for those students who have a little knowledge of the Calculus, if we 
know how the density varies with the depth. Consider a vertical 
cylinder of liquid, cross-sectional area a sq. in., and suppose we examine 
the equilibrium of a small element of this cylinder (Fig. 19) of thickness 
8z and at a depth of z in. 

Let p lb. wt. per sq. in. be the pressure intensity at the depth z 
and p -f- Sp the pressure intensity at the depth z + 8z. The weight 
of the element is p.a Sz, and consequently by resolving the forces 
vertically as before, we have 

(p + Sp) a — pa + paSz, 
or Sp = pSz; 

Sp 

Sz~ 

and thus in the limiting case 

dp 


= />. 



dz = p ’ 

so that 

p = J" pdz + « constant. 

The constant is the value of the pressure 

intensity when z = 0, i.e. at the free surface, and this is P, the 
atmospheric pressure. 

Tlius, p — P + / pdz, 

where the integration extends from zero up to the' value of z at which 
the pressure intensity is required. 

Example 1. — To determine the pressure intensity at a depth oflft. in 
a liquid whose density at a point z in. below its surface is \z lb. per cub. in. 

From the above, if p is the pressure intensity required in lb. wt. 
per sq. in., then * 

p — P + 


i.e. 


riz 

pdz 
J 0 
f 12 

+ J** 

J o 


= P + 


[i 


~2-.l2 


1 

JO 


=-h4‘- 


INTKH. HY1>. 
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and taking V ss 14 7 lh wt per sq in 

p = (14 7 + 18) lb wt per sq in 
= 32 7 lb wt per sq in 

22 If two heavy homogeneous liquids do not mix, their common 
surface is a horizontal plane 

Let M N be two points in a horizontal line in the lower liquid, 
vertically below points A, B in the surface respectively and C, D m 
the common surface respectively (Fig 20) 

Then from § 15, 

pressure intensity at M — pressure intensity at N 

te (from §20) 

P + AC + />, CM *> P + Pl BD 4- Pl DN 
Putting CM = AM - AC and DN = BN - BD this is 


A B 



-- 

— 

— c 

— 

D 


I : 


H 

Fig 20 


p x AC -f- p t (AM — AC) ~ p t BD -f- p 2 (DN — DD) 
te (pj ~ Pi ) AC + pi AM = (/»j r,) BD 4- p s BN (i) 

Now MN is horizontal (given) and AB is horizontal (§ 18) 

AM =- BN 

M becomes (p t — p 2 ) AC = (p t — p 2 ) BD 
Either -- p 2 or AC = BD 

Since the liquids have different densities p x is not equal to p 2 
AC = BD 

CD is parallel to AB 
CD is horizontal 


^^Example 1 — A glass tube of uniform bore and open at both ends 
ts herd tnfo the form of a letter TJ (known as a U tube) and contains pure 
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water. Into one branch a liquid 
of specific gravity s is poured until 
there is a length 1 ft., while into the 
other branch a liquid of specific 
gravity S is poured until the levels 
of the two liquids in the two branches 
are the same. To find the length 
(L ft.) of liquid in the second branch. 

Consider Fig. 21 and let A be 
a point in the common surface of 
the water and liquid of specific 
gravity S. Then if B is any point 
in the same horizontal as A, but 
in the other branch of the tube: 

pressure intensity at A = 

pressure intensity at B. 

The pressure intensity at 



due to the liquid alone, is 


A, 

L x S X 621 lb. wt./sq. ft., 


and at B it is 


l X s X 621 + (L — /) X 1 X 621 lb. wt./sq. ft.; 
LS = & + (L — l); 

1(1 -s) = L (1 -S); 


/. L = 


1 - 8 

1-S 


1ft. 


\J Example 2 . — A narrow circular tube of uniform cross-section is 
made in the form of a semicircle which is mounted in a vertical plane, 
the open ends being uppermost. The tube contains columns of two liquids 
which do not mix, the density of one being twice that of the other. If the 
denser liquid subtends an angle of 90° at the centre, and the other an angle 
of 45°, find the angle which the radius through the common surface makes 

with the vertical. 


o 



Fie. 22. 


Let the density of one liquid 
he p lb. per cub. ft. and then the 
density of the other liquid is 2p 
lb. per cub. ft. Consider Fig. 22. 

Let AB, BC represent the 
columns of liquids of densities 
2p, p respectively, and let D he 
the lowest point of the semicircle. 
Join D to the centre of the circle 
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(0) and draw perpendiculars from A, B, C on to OD m L, M, N 
respectively Let 6 be the angle required, te, the /.BOD Write 
U)=z, HD=y, ND = z The pressure intensity at D due to the 
liquid AD is 2 p LD or 2px Also the pressure intensity at D due to 
the liquids BG and BD is 

2p MD + P NM 
= 2py + p (2 — y) 

Since these pressure intensities are equal, 

2 px ~2py + p(z — y), 
or 2x — 2y + z — y, 

or 2x= y +* ( 1 ) 

From the geometry of the figure, if r is the radius of the circle 
* = LD =0D - OL 
= r — r cos (90 — 6) 

= r — r biu 6, 

aud y = MD «= OD - OM 

= r — r cos 9 

and z = ND = OD - ON 

= r — r cos (45 + 0) 

Substituting these values of x, y and z in ( 1 ) 

2r — 2r sm 6 — r — r cos 6 -f- r — r cos (45 + 6), 

2 sin 6 — cos 6 — cos (45 + 9) 

= cos 6 cos 45 — sin 6 sm 45 

— -L (cos 0.— sm 8) 

V * 

2y/2 sin 8 — \/2 cos 8 = cos 8 — sm 0, 
te sm 9(1 + 2 y/2) = cos 8 (1 + V2), 

so that 8 — 32° 13 


Exercises M 

(1) A long glass tube of 1 in diameter has a disc weighing 2 oz placed at 
one end How far under water must the end of the tube, with the disc 
below it, be immersed in. order that the disc may not fall off 

(2) Determine the greatest depth in fathoms at which a submarine diver 
can Work in sea water, supposing he can bear a pressure of 5 atmospheres, 
taking an atmosphere to be a pressure of 16 lb per sq in (1 cub ft 
of sea water weighs 64 lb ) 
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(3) A hole G in. square is mado in a ship’s bottom 20 ft. below the water-line. 
What force must be exerted in order to keep the water out, by holding 
a piece of wood against the hole, if a cubic foot of water weighs 64 lb. ? 

(4) Find the pressure at a given depth {z) in a liquid whose specific gravity is 
s, and whose surface is subject to a given pressure P. 

(5) Show that the effect of an external pressure of 13| lb. wt. per sq. in. 
may be allowed for when the liquid is water, by supposing a layer of 
water, 32 ft. thick, to bo superposed on the original liquid. 

(G) The pressure intensity at a point 3 ft. below the surface of a heavy fluid 
is 30 lb. wt. per sq. in., and at a depth of 7 ft. it is 50 lb. wt. What 
is the pressure intensity at the surface ? 

(7) A vessel whose bottom is horizontal contains mercury whose depth is 
20 in., and water floats on the mercury to the depth of 16 in. Find the 
pressux-e intensity at a point on the bottom of the vessel in lb. wt. per 
sq. in., specific gravity of mercury being 13-6. Neglect atmospheric 
pressure. 

(8) A circular cylinder, whose radius is 14 cm. and height 40 cm., is filled 
half with water and half with oil of specific gravity 0-9. Find the thrust 
on the base. (Take ir = 2 , 2 .) 

(9) The two branches of a uniform bent tube are straight and vertical, and 
the portion of the tubo which unites them is horizontal. Water is poured 
in sufficient to fill 6 in. of the tube, and then oil, sufficient to occupy 5 in., 
is poured in at one ond, the specific gravity of the oil being four-fifths 
that of water. Find the position of the fluids when they' are in equilibrium, 
the horizontal part of the tube being 2 in. long. 

(10) A U-tube contains mercury of specific gravity 13-5 to within 5 in. of the 
top. Find the height of the column of water which must be poured in 
to fill one of the branches. 

(11) Water is poured into a U-tube, the legs of which aro 8 in. long, until 
they are half full. As much oil as possible is then poured into one of the 
legs. What length of the tube does it occupy, the weight of the oil being 
two-thirds that of water '! 

(12) A bent tube containing equal quantities of two liquids which do not 
mix consists of two branches inclined at angle 60°. When one of the 
branches is held vertically, the different fluids meet at the angle of the 
tubo. Show that when the tube is held with the two branches equally 
inclined to the vertical, one-fourth of the liquid contained in the branch 
which was previously inclined to the vertical flows into the one which 
was vertical. 

(13) A tank has n layers of liquid each h inches thick, the uppermost having a 
density p lb. per cub. in., that of the next 2 p, then 3p, and so on. Find 
the pressure intensity at the base, due to the liquids alone. 
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(14) Tea liquids (of densities p 2 p, 3 p, 10 p) are ffflperunposed, the 

thickness of the uppermost layer being h inches, that of the next 2h inches, 
then 3A inches and so on, so that the thickness of the lowest layer is 
10A m Find the pressure intensity, due to the liqmds alone at the lowest 
point of the lowest liquid 

(15) In a heterogeneous fluid the density at a depth z niches is Iz lb per 
cub in Find k if the pressure intensity at a depth of 2 ft is 40 lb wt 
per eq m Take the atmospheric pressure as 14 7 lb wt per sq in 

(16) A thin circular tube is fixed with its plane vertical and contains two 
liquids which do not mix Each liquid subtends a right angle at the 
centre of the circle but they are of different densities p,, p, (p l < p,) 
Find the angle which the radius to their junction makes with the vertical 

(Inter Eng) 

(17) A circular tube, held in a vertical plane, contains columns of two liquids 
whose densities are p, a, the columns subtending angles 26, 2 j respectively 
at the centre of the circle Show that the angle a, made by the diameter 
through the common surface with the vertical, is given by 

p Bin 0 sin (6 ± a) = a sin ^ am 7 a ) 

In particular, find a if equal volumes of the two liquids exactly fill half 
the tube 


ANSWERS 

1 44 in 2 22} fcthoms 3 3201b wt 

4 P + mw where w is the weight of unit volume of standard substance. 
6 151b wt persq in 7 lO&lb wt persq m 8 23 408kilog 
9 Common surface is 4 m below water surface and 5 m below oil surface 
10 5^m 11 6 m 

13 55 ph lb wt per sq in 14 385 pA lb wt per sq in 

16 tan'f^-^) 17 tan-* 

'Pi d" Pv ' P + a/ 


15 0 088 
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PRESSURE OF HEAVY FLUIDS (2) 
Total Thrust on Plane Areas 


23. Introduction 

In the last chapter we dealt with the pressure intensity at various 
points within a fluid or series of fluids which did not mix. We con- 
sidered various theorems concerning the pressure intensity at different 
points and we can now use the knowledge gained to find the total 
pressure or total thrust, as it is often termed, on a plane area immersed 
in a fluid. This is, obviously, of very great practical importance. 

We know already (§ 4) that when a fluid is in contact with a plane 
area every part of the fluid exerts a force on the area, at right angles 
to it. It is the sum of all these parallel forces which we denote by the 
total thrust. It is often convenient to denote the sum of all these 
parallel forces by a single force — the resultant thrust — whose magnitude 
is, of course, the total thrust or total pressure on the nrca. Con- 
sequently we know the direction of this resultant thrust, it is normal 
to the area, because the resultant of a number of parallel forces is 
itself parallel to them. The resultant thrust will not be completely 
specified until we know the position where it acts on the area. This 
is an important point, called the Centre of Pressure, and we leave the 
determination of this point, in various cases, to Chapter V. In this 
chapter we will concern ourselves simply with the magnitude of the 
total thrust and we begin by taking the simplest case. 

24. Total thrust on horizontal plane areas 

In § 15 we found that the pressure intensity on a fluid at all points 
in a horizontal plane was constant and so the total thrust in this 
case is the pressure intensity at the depth of the plane figure multiplied 
by its area. 

Example 1 . — A rectangular tank whose base measures 12 ft. x 4 ft. 
has a liquid {specif c gravity 1-9) to a depth of 5 ft. To find the total 
liquid pressure on the base. 

The pressure intensity at the base due to the liquid 
= 1'9X 02-5 X 5 lb. wt. per sq. ft. 

39 
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The area of the base is 4 x 12 sq ft Thus, the total tluu<t on base 
= 4xl2xl9 x 62 5 x 5 lb wt 
4x 12 x19 x 62 5 x5 
= mo to “' rt 

= 127 23 ton wt 


It will be noticed here and in the following cases that v\ e are only 
concerned with the thrust due to the weight of the liquid and so we 
shall leave out atmospheric pressure 


25 The total thrust exerted by a liquid of given depth on the base of 
its containing vessel is independent of the shape of the remaining 
portion of the vessel 

This follows from § 17, for the pressure intensity at any point 
of the base depends only on the depth of the liquid and the density, 



and not on the shape of the other part of the containing vessel, and 
the total thrust on the base depends only on this pressure intensity 
and the area of the base 

Although this follows directly from what has gone before, never 
theless, it requires a closer inspection Consider the following cases — 

(1) When liquid is contained in an open cylindrical vessel (Fig 23), 
the liquid exercises a thrust on the base which is vertically downward, 
and thrusts on the curved surface which are horizontal and consequently, 
when we resolve v ertically, 

total thrust on base = weight of cylinder of fluid 

(2) Suppose the vessel is “ pail ” shaped (Fig 24), then the liquid 
exerts a thrust on the base and also thrusts on the curved surface, 
at right angles to the curved surface, and which consequently have a 
vertical downward component Thus on resolving vertically we have 
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thrust on base + resolved part downwards of thrust on curved surface 
= weight of fluid contained, 

so that 

thrust on base is less than weight of fluid contained. 

(3) Finally, if the shape of the vessel is as in Fig. 25, the thrust 
of the fluid on the curved surface of the container has an upward 
component and we then have, resolving vertically, 

thrust on base — resolved part of thrust on curved surface 
= weight of fluid contained, 

so that 

thrust on base is greater than weight of fluid contained. 

In fact, in these three cases, if the areas 
of the bases are the same and the liquid is at 
the same height, the total thrust on the base 
in each case i3 the same. 


Example 1 . — A hollow right circular cone of 
height 12 in. and radius of base 3 in. has its 
vertex uppermost and its base horizontal and 
contains sea-water weighing 64 lb. per cub. ft. 
to a height of 6 in. Find the total thrust on 
the base and the weight of the liquid. 

Let Fig. 26 represent the cone. 

Then since the volume of a cone of height 
h and radius of base r, is \rrr% we have 



Fig. 26. 


, . i (z v 12 i my 6 

volume of sea-water = 12 “ 3^ Vlf/ -i2 cub - ft - 

= ^(^-l4) Cub - ft - 


= l 7r I^8 Cub - ft - 

1 7 

.'. Weight of liquid = -it — — .64 lb. wt. 

o 12o 

7 rr 

= — !b. wt. 

= 3-665 lb. wt. 

But the pressure intensity at the base 

64 X 6 


lb. wt. per sq. ft. ,' 


12 
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(a vf, 

total thrust on base — — — — X ir (})* lb wt 
= 2-tt lb wt 
= 6 283 lb wt 

This conforms with ca6e (3) above and jt is clear that the difference 
between these two values, namely 2 618 lb wt , measures the vertical 
component of the thrust exerted by the liquid on the curved surface 
{6ee also Example 3 of § 29) 

Yfe shall consider the thrusts on curved surfaces in more detail 
in Chapter VII 

26 The total thrust of a heavy homogeneous liquid on a plane area 
is equal to the product of the area 
and the pressure intensity at its centre 
of gravity 

This theorem is i ery important as 
it enables the total thrust on a plane 
area to be determined if the depth 
of the centre of gravity (or centroid) 
of the area is known or if it can be 
calculated 

Let L3I represent any plane figure 
of area A sq ft immersed in a fluid 
(Fig 27) and suppose that a small 
element of it (of area sq ft ) is at a 
depth 2j ft below thd surface 

Then the pressure intensity at a l 
due to the weight of the liquid alone 
(te neglecting atmospheric pressure) 
is pz 2 lb wt per sq ft where p is the 
density of the liquid in lb per cub ft Thus we have 

thrust on element a t = pz^a 2 lb wt approximately 
If we divide the remaining area into elements denoted by a t 
a s a n at depths z t Sj s n then 

total thrust on figure = + pzf 4 + + pz„n n approximately 

-= p E 2 , 0 , lb wt approximately, 
r=l 

where the snmmation extends over the whole area since 
a i 4- Oj + J r a n equals the whole area 
The reason this ralue of the total thrust is only approximate is 
that we Lave assumed that everywhere over the elemental area a. 
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the pressure intensity is pz^ lb. wt. per sq. ft. In fact, different portions 
of the elemental area are at different depths and consequently the 
total thrust on the figure exactly 

= limit of pz 1 a 1 + pz 2 a„ + . . . + pz n a n , 

when the number of elements is indefinitely increased, but still subject 
to the condition 

«!+</» + . . . + a„ — whole area, 

i.e. we increase the number of elements and consequently decrease 
their individual areas. 

Thus we may write exactly, 

n 

total thrust on figure = lim p E z r a r (i) 

»->- oo r = 1 

But the expression Zz T a T was obtained in statics when finding the 
centre of gravity of a plane area (see Tutorial Statics, p. 221). Thus 
if 2 is the depth of the centre of gravity (or centroid) below the surface 
we have 

A ? = limit of z 1 a 1 + 2 2 a 2 + • • • + z n °n as n co 

n 

= lim E z T a r 
n -> oo r = 1 

and substituting in (i) 

total thrust on figure = pkz lb. wt. 

Now A is the area of the figure and pz is the pressure intensity at its 
centre of gravity, hence the theorem is proved. 

27. Total thrust on simple geometrical figures immersed vertically 
in a fluid 

We will now use the theorem of the last section to determine the 
total thrust on some simple geometrical shapes. In each case we shall 
only consider the thrust when the figure is immersed in the fluid 
vertically. 

(I) Rectangle with one .edge in surface. 

Let sides be a, h. 



Fig. 28. 
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Area (A fijra rr = at> 
V^pth of C G Morr rurfac* = 

, . Total tljrort *= p aJj ~ 
(2) ItestnTvjls \ntk ujrj*r vl'j' fumvAUnl at d'j/th L 


f i 

i a i 

b 

r ig rs 

Ar*» of fifiare afj 
Duller CO J 

Total tforoH ** p oij (jfc + 

J3) T rvin'jl' vxlh on* eA*]* tn turf trs 

1st AUC imn/l» with AC — a and l*t tfc* altitude JBK = A 
If 31 ii rnid point (A Af t h+n 0 u writr* of gravity of tmn/I* vfcw 
GM u JBM (*e» TvU/nal hlatict, p 210) 



B 


K«* so 
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Hence, by similar triangles 

GN = J-BK 

= P, 

and GN is the depth of C.G. 

Area of triangle = \ah. 

Total thrust on triangle = p . \ah . \h 
— I pah 2 . 

(4) Triangle with upper edge horizontal and at depth l\ 



Fig. 31. 


With notations as before, 

area of triangle = lah. 

Depth of C.G. = k + p ; 

Total thrust on triangle = p.lah (k + %h). 
(5) Triangle with lower edge horizontal and at depth h. 



Fig. 32. 
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Area of triangle = \ah 
Depth of C G — k — Ik, 

Total thrust on triangle — p iah (l — $A) 

(6) Ctrcle with one point of circumference in surface 
Let circle be of radius r 



Fig 33 


Area of circle = nr 2 
Depth of C G = r 
Total thrust on circle = p nr 2 r 

(7) Circle unth centre at depth k 



Fig 34 


Area of circle = nr 2 
Depth of CG =/L, 

Total thrust ou circle = p ur 2 L 

(8) Semicircle with bounding diameter in surface 
Let radius be r 



Fig 35 
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Area of semicircle = 


7r r 2 

IT' 


4r 

Depth of C.G. = — (see Tutorial Statics, p. 318). 

07T 


Total thrust on semicircle = - 


. 1 rr 2 4-r 


2 3tt 
= 3 ^- 

(9) Semicircle with bounding diameter uppermost and horizontal 
at depth k. 



Fig. 30. 


Area of semicircle = 


Depth of C.G. = k + — ; 

Total thrust on semicircle = P-’~^ (k + • 

(10) Semicircle with bounding diameter horizontal at depth k, curved 
edge being uppermost. 



Fie. 37. 
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Thrust on tnangle ABD — p iab ^ 

Thrust on tnangle BCD = p £ab |6 

— ipab*. 

since the C G of triangle BCD is §6 below the surface 
thrust on A BCD _ Ipab* _ 
thrust on A ABD w6* 
thrust on A BCD = 2 X thrust on A ABD 

f Example 3 — A rectangular area ABCD has the side AB m the surface 
of uater, the side AD (10 feet long) being vertical and submerged, divide 
the area by horizontal lines tnto three parts , on each of uhich the thrust 
is the same 

Let Fig 41 represent the rectangular area 


Hence 
so that 



Fig 41 


Let EF and GH be the lines of division Let AE = x ft , EG = y ft 

Then CD = (10 — x — y) ft 

Thrust on ABFE = area of ABFE X pressure intensity at CG 

of area = x AB x w* 


Similarly, thrust on EFHG = y AB x to (x -4- , 

)= (10 — * — y)ABx wir+y + ^—ijr — -) 


and thrust on GHCD = 
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Equating these we get 

\ = V (® + |) = (10 - x - y) (x + y + 1 -° - ~ * ~ - y ), 


= y (2* + «/) = (10 — a: — $f)(10 + x + y) = 100 — (x + y) z . 
From the first two we have x z — 2 xy — y z = 0. 

From the first and last we have 2x z + 2 xy -{-if ~ 100. 

Adding we get 3x z — 100 or % — 4p\/3- 
Also (* + yf = 100 - k 2 = 100 - J-Sa = =»» ; 


® + y = 


10 V2 
V3 



/. y=¥(V 6-V5). 

Thus a: = 5-77 ft., y = 2-39 ft., and 10 — a; — y = 1-84 ft. 


Example 4. — A semicircular lamina with centre 0 and diameter 
AOB is immersed vertically in a liquid with its plane vertical and the 



diameter AOB in the free surface. OP and OQ are radii such that the 
angles AOP, QOB are each 2 <f and POQ is 20. If the liquid thrust on 
each of the sectors AOP, POQ, QOB is the same, show that sin 6 = sin 2 ^. 

Deduce, or prove directly, that sin 0 == J. [Inter. Sc.) 

Let Fig. 42 represent the lamina and suppose that G, K are the 
centres of gravity (or centroids) of two adjacent sectors as shown. 
Let GN be drawn perpendicular to AB. Then since AB is horizontal 
(in surface of liquid), GN is vertical. 

If r is the radius of the semicircle, 


and 


OG = 




sin f 

~T’ 



sin 6 

IT' 


OK is perpendicular to AB and is therefore vertical. 
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We may how write down the thrusts on the three sectors If p 
is the density of the fluid we have — 

thrust on sector BOQ = thrust on sector AOP (bj symmetry) 

=- p X area sector AOP X GN 
= p £r* (2 <f>) OG sin £ since GN = OG sin £, 

= p (2£) §r sin £ , 

9 

using the value of OG above, 

= ipr 3 sin* £ (l) 

Also, thrust on sector POQ — p x area sector POQ X OK 

-p p*(2«) 

using the value of OK above, 

= jpr 3 sin 0 (ll) 

But the liquid thrusts on all the sectors are the same, hence equating 
(i) and (n), 

sin 6 = sin*£ 

We may prove directly that sin 0 — $ as follows — 

Smce the thrust on each sector is the same, three times the thrust on 
either must equal the total thrust on the semicircle which we may 
find independently A semicircle is a sector of angle 2a where 
a = jr/2, so that from the given formula, the C G of a semicircle is 
at a distance 

, siaw/2 

from the centre, 

4 r 

« e — from the centre 

3ir 

4 T 

Thus the thrust on the whole semicircle *= p \irr* — (m) 

and this must equal three times the thrust on either sector , 
putting (m) equal to three times (n), 

Ax 

p Jttt 2 — = 3 Jpr 3 sm B, 

giving sm 6 = $ 

Incidentally, we may deduce this result since we know that 
sm 6 = sm* £ and also that 0 + 2£ = 90°, 

£=45 — 
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sin 2 <f> — i (cos 2 40 — 2 sin 40 cos id -f- sin 2 id) 

= i(l-2sin|cos|) 

= i (1 — sin 8 ) ; 
sin 8 = sin 2 ^ = 4 (1 — sin 8), 
so that 2 sin 8 = 1 — sin 8, 
or 3 sin 8= 1, 

giving sin 8 = J . 

28. Total thrust on a combination of simple geometrical figures immersed 
vertically in a fluid 

We may extend § 27 to find the total thrust on an area which can 



c 

Pig. 43. 


be considered as the sum or difference of two or more simple shapes. 
This is best illustrated by actual examples. 

Example 1. — A triangle ABC, immersed vertically in a fluid of density 
p, has its vertex A in the surface and B, C are at depths d lt d 2 respectively. 
If CB produced meets the surface in D, find the total thrust of the fluid 
pressure on the triangle ABC in terms of d v d 2 , a, where a = AD. 

In this case (see Fig. 43) we have no need to find the C.G. of the 
triangle ABC because we can find directly the total thrusts on the 
triangles ACD and ABD and subtract. 

Thus, area of A ABD = iad l ; 

thrust on A ABD = p . 4adi 

= i a P d i 2 - 

Again, area of A ACD = iad 2 ; 

thrust on A ACD = p.iad 2 .^d 2 
= iapdf. 
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Consequently, 

thrust on A ABC — thrust on A ACD — thrust on A ABD 
= \apd t* — fapdf 
^lapidf-dS) 

Example 2 — Find the total thrust on a trapezium having its parallel 
sides (of lengths a, b and distance d apart) horizontal, the shorter (a) 
being uppermost and at a depth l 

Let ABCD (Fig 44) represent the trapezium then if we draw 
perpendiculars AN, BM we split up the trapezium into a rectangle 
and two triangles 

Let DN = x, then MC => b — a — x To find the depth (z) of 
the centre of gravity of the trapezium we require 



Fig 44 


area of A AND = \xd, 
depth of C G of A AND ~h-\-$d, 
area of rectangle ABMN = ad, 
depth of C G of this rectangle = A + ^ 

area of A BMC = Jd (h — a — x) 
depth of C G of A BMC = l + |d 
The equation for finding the C G of the trapezium is 
area trap xi = area A AND X its depth of C G 4* area rec * X its 
depth of C G + area A BMC X its depth of C G 
Since the area of the trapezium is J (o 4- b) d, this becomes 
\ (o 4- b) d. z = | id (X. 4- id) 4- ad (t 4- $d) + ¥ ( b ~ ° ~ *)(* + W> 

= \i(k + $d)(x + b-a-x)+ad(k + \d) 

« |d (bk 4* \bd — ak — | ad) 4- od (k 4~ £d) 
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= Ibdk + ibd- - ladle - fal 2 + adk + far 
= ladle + Ibdk + lad 2 + fa 2 

= — (3 ak 3bk -f~ ad 2bd). 

6 

Notice that we have no need to simplify the left hand side, because, 
since we require the total thrust on the area which is p x area X z, 
it is better to leave the left hand side alone since it is, in fact, the 
area X z. 

Thus, total thrust = p x right hand side 

= ~r [jlZ* (a + b) + d (a -f- 2b) J. 

i Example 3. — A triangular area ABC is immersed in liquid until 
the vertex A in the surface and B, C at depths h, k respectively. 
If a horizontal line through B divides 
the triangle into two parts on which 
the resultant thrusts of the liquid are 
equal, prove that 

h[k = (1+^171/8, 
atmospheric pressure being neglected. 

(Inter. Sc.) 

Let Fig. 45 represent the triangle 
and suppose the horizontal line 
through B cuts the edge AC in D. 

Let BD = x. In this case we have 
to find the thrust on each of the triangles ABD, CBD and equate. 

Area of A ABD = Ihx. 

Depth of C.G. of A ABD = fa, 

.'. Thrust on A ABD = p . Ihx . §/» 

= (i) 

Area of A BDC = lx (k — h). 

Depth of C.G. of A BDC = h + 

o 

Jc 

= 3 ’ 

.*. Thrust on A BDC = p-\x ( k — h) — 

O 

= Ipx (k — h)(2h + k) (ii) 
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But the thrusts on the two triangles are equal therefore ( 1 ) = (u), 
\pxh* ~ \px [k — A) (2 A + 1) 

A* = |(2A*-2A 2 -f £*-A£) 

2A 2 = hk+k*- 2A 2 , 

4A 2 — hi — l* = 0 

Solving this by the rule for quadratic equations, we have 
t i±V(i* + 4 2 2 1 ?) 

*" 8 

, (1±V'7) 

~ h 8 ' 


A l + vn 

l~~ 8 


as the negative value is inadmissible 

7 Example 4 — A rectangle ABCD is immersed vertically i n a liquid 
vnth AB tn the water line If TZ is a point tn BC such that the 
liquid thrusts on the areas CDE and 

A a B b F ABED are equal, show that BE EC 

= 1 -v/3 ( Inter Sc ) 

Let BE = x and EC = y (Fig 46) 
then we have to find the total thrust 
on the trapezium ABED and on the 
triangle CDE 

We may find the thrust on the 
trapezium either by considering it 
as a rectangle -f- a triangle or by 
producmg DE to cut the surface 
m F and taking the difference in total thrust on the triangles ADF, 
BEF If we put AB = a BF = b then 
thrust on trap ABED =thrnst on A ADF ~ thrust on A BEF 

= p i(o + 6)(*+J/)X 2 6xX 3 ll) 



D C 

Fig 46 


and since triangles BEF, DEC are similar, = 
Substituting for b in (l) we have 


a 

s' 


thrust on trap ABED = g? (* + y) 1 




b 


ax 

U 




ax 

1 


= ^(3x* + 3ry -fy 2 ) (»> 
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Also, area of A CDE = lay, 

depth of C.G. of A CDE = * + |y; 

thrust on A CDE = p.lay (x -f jy) 

= a -g (3 xy + 2 f) 


Equating (ii) and (iii), since the thrusts are given equal, 

"jr (3s 2 + 3 ry + y=) = ^ (3xy + 2y 2 ); 

3x 2 + y 2 =2y=; 

3:r"=y=; 

X 1 

y = V3 ; 

BE : EC = 1 : V$- 


(iii) 


29. Total thrusts on plane, non-vertical areas in contact with a fluid 

The theorem of § 26 was proved to be true, independently of whether 
the plane area was vertical or not. The total thrust depends only 
on the area of the figure and the pressure intensity at its centre of 
gravity. Thus exactly the same procedure may be adopted as in 
§ 26 to find the total thrust. 

Example 1 . — To find the total thrust of water on the slanting face 
of an embankment 100 metres long and 30 metres broad, which shelves 
down to a depth of 12 metres below the surface at the lowest part. 

The area exposed to pressure = 100 X 30 = 3000 sq. m. 

The depth of its C.G. = h depth of lowest portion 
= 6m. — 600 cm. ; 

pressure intensity at C.G. = 600 grin. wt. per sq. cm. 

= 600 X 100 X 100 grm. wt. per sq. m. 
= 6000 kilog. wt. per sq. m. ; 

.'. total thrust = 6000 X 3000 kilog. wt. 

= 18,000,000 kilog. wt. 

Example 2 . — A rectangular area is immersed in fluid with two 
edges horizontal such that its plane makes an angle 6 with the vertical. 
To find the total thrust. 
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Let the rectangle have sides of length a, b Then if the upper edge 
(«) is at a depth £ below the surface then the C G of the area is at a 

depth of £ g cos 8 Fig 47 shows a section of the figure 
Therefore, the total thrust = p at ^cos 0^ 


Example 3 — A hollow right pyramid has a square base of side 1 ft 
and is 1 ft tn height Find the total thrust on the base and each of the 
four faces, if the pyramid be filled with water weighing 62 4 lb ict per 
cub ft 


Since the area of the base is 1 8q ft and the depth of the C G of 
the base is 1 ft from the vertex, we have total thrust (T) on base 
“ 62 4 lb wt 

Let ABC (Fig 48) represent a section of the pyramid made by a 
vertical plane catting the base in a line parallel to two of its edges 


A 



Fig 47 Fig 48 


Then if 0 ig the centre of the square base AO = 1 ft , OB — J ft and 
therefore AB = £\/5 ft 

it S is /. ABO cos e = -L 

V“ 

Now AB is a line of greatest slope in a triangular face, 

area of each triangular face — f X 4 -\/5 = J y/5 sq ft 
and the depth of C G of each triangular face = f X 1 ft , 

total thrust (F) on each triangular face — § x i V& X 62 4 lb wt 
= (10 4) \/5 lb wt 

Now the volume of the pyramid is £ 1 1 cub ft , therefore the weight 
of water (IV) contained in the pyramid is J (62 4) = 20 8 lb wt 

It is \ery important to realise exactly how it comes about that 
the weight of water is 20 8 lb wt , yet the total thrust on the base 
is 62 4 lb wt We may examine this more closely by means of a 
diagram and \ enfy by resolving all the forces vertical!} Before any 
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Besolvmg these forces vertically, for the eqvahbnum of the con 
tamer we have 

P+4Fcos0 = T, 

which is the same as ( 1 ) above, since P (the tension m the rope) is 
clearly equal to the weight of fluid (W) 

A very important corollary of the theorem concerning the total 
thrust on an immersed plane area is this that the total thrust on the 
area depends only on the area and the depth of its C G , and is therefore 
unaltered by turning the area about its C G provided that the whole 
of the area is kept below the surface 

30 Total thrust on plane areas partly m several fluids ■which do not mix 
When part of an area is in contact with one fluid and another part 
in contact with a fluid of different density then we must find the total 
thrust on each part and add 


Example 1 — A liquid of density ft has a second liquid [density p 2 ) 
g superimposed on it to a depth of d ft If a 

— t- rectangle of sides a b (b > d) is immersed verh 

t cally vnth a side of length a tu the surface of 

» the upper liquid, find the total thrust on the 

redangle 

Let Fig 51 represent the rectangle The 


'i 
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i b~d common surface of the two liquids divides 
the rectangle into two smaller rectangles, 
the upper of area ad and the lower of area 
a[b~d) 

d 


The CG of the upper rectangle is at a depth ^ therefore the 

, d 

pressure intensity at the C G of the upper rectangle is p 2 

thrust on upper rectangle — p 2 ad ^ 

The C G of the lower rectangle is at a depth d J (b — d) below the 
free surface and the pressure intensity at the C G of the lower rectangle is 

p 2 d + />, 


thrust on lower rectangle is a (b — d) -f ft 
total thrust on rectangle is 

\ap 2 d !* 4- ap^l (b — d) + \ap t (6 — df 

= 4* (b - d)* + Pz d (2b - d)J 


& ~ d ) J' 
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31. Total thrust on a plane area found independently of the position 
of the C.G. 

The theorem of § 26 gave the total thrust on a plane figure in 
terms of the pressure intensity at the centre of gravity and the area 
of the figure. Thus if the position of the C.G. of the area is known or 
can easily be calculated, and the total area is known, then the total 
thrust on the area can be found immediately. It must be borne in 
mind, however, that we may find the total thrust directly, by finding 
the thrust on a small portion or element of the area and then finding 
the limit of the sum of the thrusts on all such elements. 

We will now work out an example two ways, finding the total 
thrust directly, (a) using the calculus and (6) without the calculus. 


Example 1 . — To determine directly the total thrust on a rectangle 
immersed vertically in a liquid (density p) with 
the upper edge horizontal at a depth [cf. § 27 (2)]. 

(a) Using calctdus. 

Let the rectangle have sides a, h. Con- 
sider a horizontal strip: width Sz, depth z 
(Fig. 52). 

Then area of strip = a.Sz; 

.’. thrust on strip — p.aSz.z; 
total thrust on rectangle = J pazdz, 
where the integration covers all values of z to include the whole 
rectangle, i.c. from s = k to s = /.• + b. 

Ck+t 

Thus, total thrust on rectangle = J pazdz 



j. 

r 


= £[« + «*-»*] 
= & (2kb + 6=) 

= P ab(k + b -). 


(b) Without calculus. 

Let sides of rectangle be a, b as before. Divide the rectangle into n 
horizontal strips each of width l so that 

nl = b. 


We shall later increase the number of strips and decrease their width 
so that nl will still be equal to b. 
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CD = A r 

From the similar triangles OCD, OLM, 

CD^LM 

*r A 

ie UI 

z, ~~ IT 


a 

= since o r = AB =• LAI, 
a,z T = hb r . 



But hm J7JL X bj is the shaded area (A,), 


= ph \im 27"_, bj 
n oo 


total thrust on area = P hA 1 l 

Thus by finding the area A ty counting Squares and measuring A, 
we obtain the total thrust on the area Tfte shaded area, obtained 
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as we have indicated, is called the first derived figure for the original 
area. If very high accuracy is necessary the area of the first derived 
figure is found by means of an instrument called the planimeter. 

This method is valid whatever the shape of the original figure, 
symmetrical or not, and wherever the point 0 is chosen on the line SS, 
since the triangles OCD, OLJI will always be similar. 

It is worth while noticing that the graphical method we have 
adopted here is also convenient for finding the position of the 
centre of gravity of an irregular figure, for if its area is A 0 and its 
centre of gravity a distance s below the surface, we have by § 26 
total thrust on figure = pA^z 

= pAJi, ns above ; 

• . AqZ = Aj/i ; 

= M 

' ‘ 5 A n 


or 


- _ area of first derived figure 
area of original figure 



Example 1 , — Find the total thrust 
on a rectangle immersed vertically with 
its upper edge horizontal and at a depth l\ 

If the original figure immersed has 
edges horizontal or vertical the first 
derived figure will be a straight-sided 
polygon and we may use this fact to 
determine the total thrust on the rect- 
angle. Of course the value of this graphical method is that it applies to 
areas for which the total thrust cannot be found convenient]}' by any other 
method, but this example will be useful for confirmation of the method. 

Let ABCD (Fig. 55) be the rectangle of sides a, b as shown. Let 0 
(the pole) be any point in the surface line SS. Then the shaded figure 
EFCD is the first derived figure. Its area is I(EF + CD) b, since 
it is a trapezium, and from the similar triangles OEF, ODC we have 

EF CD 
k 


EF : 


area of first derived 


b+k’ 
ah 

b+k'’ 

figure- »(« + i + t/ 


ak 


INTER. HYD. 


6 
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total thrust on rectangle ABCD 



which agrees with the result of § 27 (2) 


Exercises IV 

(1) Determine tho thrust in pounds weight on every foot broadth of a vertical 
wall of a rectangular reservoir of water 150 ft doep 

(2) A lock gate, 10 ft wide and 10 ft deep, has water on one aido 8 ft d?«p 
and on the othcT 5 ft deep, in each case measured from the lower edge 
of the gate Determine the resultant thrust 

(3KDetermino the total thrust on ono sido of a rectangular vertical dock 
gate 50 ft wido immeraod in sea water to a depth of 25 ft , having given 
that the specific gravity of sea water is 1 020 

. (4) A cubo whose edgo is 1 ft is suspended in water with its upper fa ce 

horizontal, at a depth of 2J f{ below the surface Find tho liquid thrust 
on each faco of tho cube 

(6) An artificial lake, 1 ml long and 100 yd broad, with a gradually shelving 
V^-'foUom varying from nothing at ono end to 88 ft at tho other, is dammed 

at the deep end by a masonry wall across its entire breadth Find the 
total thrust on tho embankment when tho lake is full of water weighing 
I ton to tho cubic yard Find also tho total weight of Water in tho lake 

(8) A hollow cone stands with ite baso on a horizontal table The area of 
tho baso is a sq in , and tho hotght A in , its weight is equal to tho weight 
of water it will contain When filled with water, what is tho ratio 
of tho thrust of tho water on tho base to that of tho baso on the tablo T 
(The volume of a cone is one third of that of a cylinder with the same 
base and altitude ) 

(7) A right circular cone rS open at tho baso and has a small hole at tho 
vertex, it rests on a horizontal plane, tho diameter of tho baso being 
1 ft and tho height of tho cone 2 ft Find the weight of the cone that 
it may bo just possible to fifi it with water without causing ft to lift from 
the plane 

(8) The surface of a vessel containing liquid consists of a number of piano 
faces of areas o, a„ a, , etc , and the centres of gravity of those 
areas aro at depths z v it, z, , etc , below the surface of tho liquid 
Write down the sum of the resultant thrusts on the several faces tho 
weight of a unit volume of liquid being u>, and show that this sum is equal 
to the product of the whole superficial area of the vessel into tho pressure 
intensity at the centre of gravity of this area 
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(9) One end of a water conduit is closed by a watertight square plate ABCD, 
whose plane is vertical and with AB in the surface of the wator. Show 
how to divido the plate into two parts by a line through A so that the 
thrusts on the two parts may bo equal. (Inter. Eng.) 

(10) In each of the four cases below, the lamina is immersed vertically in a 
liquid of density p. Find the total liquid thrust on one side of the lamina 
in terms of the given quantities. 



In each case, deduce the total liquid thrust when a = 0, and confirm 
that the results agree with those already obtained in § 27. 


/A swimming bath measures 100 ft. by 30 ft. At the shallow end the 
depth is 3 ft., while at the deep end it is 12 ft., and between the two the 
depth increases uniformly. Find the total thrust, in tons weight, on the 
base and on each side, given that 4 oub. yd. of water weigh 3 ton. 


(12) A rectangle ABCD is immersed in a liquid so that AD is on the surfaco. 
AB is divided at P and Q so that the thrust exerted by tho liquid on the 
triangles ADP, PDQ, QDB are all equal. Find tho ratios AP : PQ : QB. 

(High. Sch. I.) 



A swimming bath is 90 ft. long. At the deep end it is 9 ft. deep and at 
the shallow end 2 ft. 6 in. The bottom slopes steadily downward from 
tho shallow end for tho first 45 ft. of the length, then remains horizontal 
at a depth of 6 ft. until 20 ft. from the deep end when it drops vertically 
to the depth of 9 ft. forming the diving pool. Find the thrust, in tons 
weight, on one side of the bath, assuming 1 cub. ft. of water weighs 62-5 lb. 

(High. Sch. I.) 
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(14) ABC is a triangular lamina immersed vertically m liquid with AB in the 
surface P and Q are points in BC such that the thrusts due to the liquid 
on the triangles ABP, APQ and AQC are equal Show that 

BP BQ BC = 1 \/2 y/3 

If PE be drawn parallel to CA to meet BA m E, find tho ratio of the 
liquid thrust on the trianglo EBP to that on the triangle ABC 

(Inter Eng ) 

(15) A cube, of which the edgo measures 1 ft , is immersed in water with one 
edge in the surface and each of the faces which meet m that edge inclined 
at 45° to the vertical Find the magnitude of the thrust of the water on 
each face of the cube, and the resultant thrust on the whole cube 

Take the density of water to be 62 5 lb per cub ft 

(High Sch I ) 

(16) A cube is filled with a liquid of weight W, and held with a diagonal vertical, 
find tbo total liquid thrust on one of the lower and one of the upper faces 

(17) Two circles are drawn on a vertical wall of a reservoir, they touch each 
other externally, and tho centre of one is vertically below the centre of 
the other tho water m the reservoir rises so that the upper circle »» just 
immersed Find the ratio of the radii when the resultant pressures on 
the two circles are equal 

(18) A closed cubical vessel contains liquid It is held so that a diagonal of 
two of the faces is vertical and tho free surface of the liquid bisects the 
two upper edges of the vertical faces Prove that the liquid thrust on 

one of the vertical faces is — gj- W, where W is the weight of the con 
tamed liquid (Inter Eng ) 

(19) A triangular lamina, having an area of 4 sq ft , has its vertices immorsed 
at depths of one, two, and three feet respectively in water Find the 
total thrust on the area, the atmospheric presaute being taken at 14 7 lb 
wt per sq in 

(20) A layer of liquid of density p lb peTcub ft and depth oft is superimposed 
on a layer of Liquid of density 2p and depth greater than 2a A square 
lamina of side 2a is immersed vertically with its upper edge (i) in the 
free surface, and (u) in the surface common to the two liquids Find the 
total liquid thrust on tho lamina i a each case 

(21) A rectangle with two sides vertical is drawn on a vertical face of a vessel 
containing water and oil (sp gr 0 9) The rectangle is just covered, so 

ithn>‘‘il‘‘iS'\dvnd« , irn.tritvtr|WiTh*iJy'ilhccuinuRfirriBirfitteJi f .tlM*J}ikju5d-the 

water If the thrusts due to the liquids on these two parts are equal, 
find the ratio of the depth of the oil to the height of the rectangle 

(22) An equilateral tnanglo of side 3 in is immersed vertically in a liquid 
with one side in the surface If now a second liquid (of density half the 
former) is superimposed, find the depth of this liquid when the total liquid 
thrust on the triangle is double what it was originally 

(23) By mtegratu n confirm the results of cases (3), (4), (5), (6) and (8) of f 27 
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(24) A circular lamina of radius 3 in. is immersed vertically in a liquid of density 
/> lb. per cub. in., its centre being at a depth of 4 in. Find graphically 
the total liquid thrust on the lamina and compare the result with case 
(7) of §27. 

(25) A hollow cone, whose axis is vertical and base downwards, is filled with 
equal volumes of two liquids, whose densities are in tho ratio of 3 : 1; 
prove that the total liquid thrust on the base is (3 — 3 \/4) times as 
great as when the vessel is filled with the lighter liquid. 

(20) A triangle ABC is immersed vertically in water with its vertex A in tho 
surface and its base BC horizontal at n depth h. Show how to divide 
the area by horizontal lines into n strips on which the thrusts shall be equal. 


ANSWERS 


1. 703,126. 2. 5-441 ton wt. 3. 447-3 ton wt„ nearly. 

4. 2500 oz. wt., 3000 oz. wt., 3500 oz. wt. 5. 32,266} ton wt., 484,000 ton wt. 

6. 3 : 2. 7. 65-45 lb. 

9. If lino through A cuts base in E, ED = 0-68Ga, where a is side of square. 

10. (i) pp-z (a 1 -}- ah + 6=)/ 04*; (ii) prl- (a + 24)/G; 

(iii) pd[cr + ab + b- -f 3k {a + A)]/0; (iv) pr (2r + a){nr -f 2n)/2. 

11. Baso 627-47; onds 3-75, GO; side 87-5. 

12. 1 : V2- 1 : V3 - V2. 13. 47-135 ton wt. 14. 1 : 3-/3. 

15. Upper faces: 22-097 lb. wt.; lower faces: 88-388 lb. wt.; vertical faces: 

- 44-194 lb. wt. Resultant thrust = 62-5 lb. wt. vertically upwards. 

16. 2W/V3, W/V3- 17. 4 (1 + -\/5) : 1 or 1-62 : 1. 

19. 8907-2 lb. wt. 20. (i) 5 pa 3 lb. wt.; (ii) 12pa 3 lb. wt. 

21. 0-71 : 1. 22. \/3 in. 24. 113-lplb. wt. 


26, 


. The lines are at depths A (^j , h , . . . 




CHAPTER V 

PRESSURE OF HEAVY FLUIDS (S) 
Centre oe Pressure 


33. Method of finding the position of the centre of pressure 

We have already defined the centre of pressure of a plane area 
immersed in a fluid as the point where the resultant thrust meets the 
area It mu st be clearly understood that although the position of 
the centre of gravity ”o?Th r e’a’cb uTd 'be used ur finding the' total 
thrust, yet the single force equal in magnitude to the total thrust, 

» e the resultant thrust, does not act at the 
centre of gravity but at theMntrh of pres 
sure, which is always at a greater depth 
than the centre of gravity except, of course, j 
when the area is horizontal (see §42) 

The general principle by which we may 
— /0 d, 2, determine the depth of the centre of pressure 
in any particular case is as follows — 

Let Fig 56 represent any plane area 
immersed vertically m a heavy homogeneous 
fluid of density p Then, with the notation 
of § 26, if a t is the area of a small element 
at a depth Z It 

the thrust on element due to the fluid alone — pa, 2 j, approximate!} , 
and consequently 

total thrust (T) on area due to fluid alone 

= hm paj r exactly. 



Pig 56 


= p lim a fi T , since p is constant 

«— *• co 

How it is this limit which is equal to the magnitude of the 
resultant thrust (indicated by the large arrow) acting at the centre 
of pressure Since this is the resultant of a number of parallel 
forces, to find its depth (Z)we take its moment about a line m 
the surface in the same vertical plane as the area and equate it to 
the sum of the moments of the constituent forces about the same line 
TO 
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Remember we are only considering the forces on one side of the area. 
Thus, moment about surface of thrust on element 
= pa y z 1 .z 1 , approximately, 

== pOyty”, approximately. 

Therefore the limit of the sum of the moments of all elemental thrusts 


= P (\) 

71 — > CO 

But the moment of the resultant thrust 

= Z X p lira E\ Lj apz r (ii) 

n -*■ oo 

Equating (i) and (ii), 

Z x p lim ■£"_! a r z r = p lim 27 "_ x 

71 —r CO 11 — >• CO 


.-.2 = 


lim 

n -> co 

lim E" ml ap: r 
n -*■ oo 


(hi) 


Thus the dept h, of tjie. centre, of .pressure is independent _ of the | 
density of the fluid (if. homogeneous) since (iii) does not' contain p. ' | 

~ having determined the depth of the centre of pressure, we have * 
therefore a horizontal line on which the centre of pressure must lie. 
We may fix its position on this line by taking a new axis and finding 
the limit of the sum of the moments of all elemental thrusts about 
this new axis and equating it to the total thrust multiplied by the 
distance of the centre of pressure from this new axis. This procedure 
may be avoided in cases where a single straight line can he drawn 
through the plane of the figure to bisect every horizontal strip. This 
line is then an axis of symmetry and the centre of pressure lies on it. 

It will have been noticed that in this general case we supposed 
the area immersed vertically and we shall prove later on (§ 39) that 
there is no loss of generality in doing this. 

Thus to determine the depth of the centre of pressure (Z) in any 
particular case we have to calculate the right hand side of (iii) for the 
area under consideration. The simplest method of doing this is to 
use calculus, but it may be found without (compare §31), and in 
addition there is a geometrical method which is easily applicable 
in simple cases. 

We propose here to find the position of the centre of pressure 
in two simple cases by each of the three methods indicated above. 
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34 Centres of Pressure using Calculus 

Example 1 — Find the position of the centre of pressure of a rectangle 
immersed vertically %n a fluid with one side in the surface 

Let fluid be of density p If ABCD (Fig 57) represents the rectangle 
with sides a, b, consider an element of width Sz at a depth z 
Area of element = 6 Sz 
Thrust on element = pb Sz z, 
moment about AJJ of thrust on element = pb Sz z x z 
== pbz s Sz 

total moment for all such elements = | pbz l dz * 

J o 

and total thrust on rectangle = I pbzdz 
J o 

Thus, if Z be the depth of the centre of piessuie below the surface, 
Z X [ pbzdz = j pbzHz 

J(> Jo 



Pig 57 


-Oi/fi'*]; 


Therefore if E and F are the mtd pomts of AB CD respectively, 
EF is a line of symmetry on which the centre of pressure lies so that 
the position of the centre of pressure (H) is gn en by 
EH = §EF 


V 


Example 2 — Find the position of the centre of pressure of a triangle 
immersed vertically in a fluid with one side in the surface 

Let the side (AB) in the surface be of length a and Ie,t h be the 
depth of the vertex (C) below the surface (Fig 58) 

Consider an element (BE) of length l and width Sz at a depth z 
Area of element = l Sz 
Thrust on element = pi Sz z 


w 
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Moment about AB of thrust on element = pl.Sz.z~; 

C h 

total moment for all such elements = phHz (ii) 

J o 

Ch 

But the total thrust on the triangle = 1 plzdz from (i) ; 

Jo 

A i- A 

plzdz — plz 2 dz (iii) 

o Jo 

A. very important point to notice at this stage is that we cannot take / 
outside the integral sign because l is not constant for every elemental 
strip, fn fact, l varies with z and consequently we must obtain an 
expression for l in terms of z before we can integrate. In the last 
example we could take b outside the integral signs because, there, 
b was constant for every element. Another point to notice in both 




Fig. 58. 

examples is that the limits for the integration are the values of z to 
be taken to include the whole area under consideration. 

Thus, before proceeding further with (iii), we obtain l in terms of 
z and constants. 

Triangles DEC, ABC are similar; 

DE AB . I a 

h — z li 1 ' e ' li — z Ii' 


Thus (iii) becomes 

Z x j* P j (h - z) zdz = J* J (* ” 2 ) z ' dz ’ 

P p \ (hz 2 — z 3 ) dz 

. g — J 0 

p ~[ h (hz-z 2 )dz 

I> Jo 
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is therefore Oj*, 5 Thus, if we require the centre of gravity of the sohd 
wedge, its depth ( z ) below the horizontal phne through AB (i e the 
surface of the liquid) is given by the limiting value of 

z Ea& = Sa (i) 

because Urn Sa,s r is the total 
\oIume of the wedge, and 
hm £a,z T 2 is the total 
moment of the elemental 
r olumes 

\ Thus, from (i), 

\ lim ilOjZ, 





r N 


'“lira .£ 1 , 5 , (U) 

Comparing this with the 
formula we obtained for the 
centre of pressure of a plane 
area, §33 (ui), it is clear 
that the depth of the 
centre of pressure of the 
rectangle ABCD is the same 


r v 

“k~- * 

\ 

Fig 62 

as the depth of the centre of gravity of the solid wedge ABCDEF This 
position may be easily established 

Let LAIN be the central vertical triangular section of the solid 
wedge (Fig 62) If LP is a median 
of this triangle the centre of 
gravity of the sohd wedge is at 
G, where LG = |LP, and as G 
projects horizontally into H, the 
centre of pressure of the rectangle 
LH = |UI, i e the depth of the 
centre of pressure of the rectangle 
is § the length of the vertical edge 



the centre oj pressure of a triangle 
immersed vertically in a fluid with 
one side in the surface 

The method is exactly the same 
as m the last example 

Let ABC (Fig 63) represent 
the triangle of which CD is one 
median, AB being in the surface The sohd in this case will be obtained 
by drawing CE horn on tally and equal m length to the depth of C below 
the surface B> joining A£, BE we ha\e a solid tetrahedron whose 
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centre of gravity (6) projects into fhe centre of pressure (H) of the 
triangle ABC. If F is the centre of gravity of the triangle ABO, 
i.e. DE = -JDC, then G is such that EG = £EF. 

Therefore CH = f CF. 

But CF = | CD, 

CH = f .jjCD; 

A CH=iCD, 

so that H is at a depth of half the depth belorv the surface of the vertex 0. 

We have devoted the last three sections to the problem of finding 
the position of the centre of pressure in two simple cases by three 
different methods. Of these three methods, that using calculus is 
by far the most important as it is of very wide application. The non- 
calculus method null become very laborious in more complicated cases, 
while the geometrical method cannot be applied universally since 
the positions of the centres of gravity of the 
resulting solids may neither be known nor be 
easily calculable. 

We propose to use the calculus method in 
slightly more complicated cases in a later 
section (§ 47). We give now two examples 
involving the position of the centre of pressure 
of the immersed rectangle, found in the 
preceding sections. 

37. Example 1. — One end of a trough of rect- 
angular cross-section 3 ft. wide by 4 ft. deep 
is hinged along its lower edge and, is kept in position by a horizontal 
force P lb. wt. applied to the mid-point of its upper edge. If the trough 
is just filled with water, find the least value of P necessary to prevent 
water flowing out. (The density of water = 62-5 lb. per cubic foot.) 

(II.S.C.) 

Let AB (Fig. 64) represent a section of the end of the trough, with 
A at the surface and B at the line of hinges. Then if H is the centre 
of pressure of the rectangular end 

AH = |AB 
= | x 4 ft. ; 

.-. BH =Jx4 ft. 

The centre of gravity of the rectangular end is at a depth of 2 ft., 
therefore, total thrust on end (T) = 3 X 4 x 2 X 624 lb. wt. 

Taking moments about B, the least force P is given by 
P.AB = T.BH; 

P X 4 = 3 x 4 X 2 x 62| X 4, 
giving P = 500 lb. wt. 


4 ' 


H 


B-i- 


Fig. 64. 
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Example 2 — A lock gate is 8 ft wide The water on one side has 
a depth of 12 ft and on the other side a depth of 1 ft Find the fluid 
thrust and centre of pressure for each side, and hence find the magnitude 
and line of action of the resultant force on the gate 

The thrust on the 12 ft deep side 

= area xwx depth of C G of area 
= 96xwx 6 = 576 to 
— 576000 oz wt 

and acts in the vertical median line at a depth of f X 12 or 8 ft te 
4 ft from bottom of gate 

The thrust on the 7 ft deep side 
= 56 X w X 31 = 196io 
— 196000 oz wt , 
and acts at a depth of $ X 7 or 
4J ft 1 e 2J ft from bottom of 
gate 

Thus forces are as ui Fig 65 
The resultant = {576000 — 
196000) oz = 380000 oz wt and 
acts in the median line at a dis 
tancez from the bottom where® is 
65 given bj 

380000® = 576000 X 4 — 196000 X 2J , 

x = 576 * 4 ~ 196 x ft = 4 86 ft 
380 

Thus the resultant force = 380000 oz wt or 10 6 ton wt nearl), 
and acts at a point on the vertical median line of the gate 4 86 ft from 
the bottom 

38 The centre of pressure on a combination of simple geometrical 
figures immersed vertically m a fluid 

In § 28 we found that we could obtain the total thrust on an area 
which could be considered as the sum or difference of two or more 
simple geometrical shapes and we may frequentlj adopt exactly 
the same procedure in determining the position of the centie of pressure 
of such an area The method will be clearly illustrated by the follow mg 
examples 

Example 1 — Find the position of the centre of pressure of a rectangle 
immersed terhcally in a Jluid with its upper edge horizontal and at a 
depth h 

Let ABCD (Fig 66) represent a rectangle immersed vertical!) in 
a fluid of density p, having AB (of length b) horizontal and at a depth h. 
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the side BC being of length a. Produce the vertical edges to meet 
the surface in E and E. The rectangle ABCD may then he considered 
as the difference between the two rectangles EFCD and EFBA, both 
having one edge in the surface and consequently the positions of 
their centres of pressure is known. It is convenient to draw up a 
table as follows: — 


I (« + h) 
I h 

Z 


where Z denotes the required depth of the 
centre of pressure. Taking moments for 
these thrusts above the surface EF, we 
have 

thrust on area ABCD + thrust on 
area EFBA X its depth of C.P. = 

thrust on area EFCD X its depth of 
C.P. 
i.e. 

p .ab { Ji -p -la) X Z p -bit . X — 

p.b(a+Ji).i(a+h) X f (a -f h), Fig. 60. 

U p a 2 W«)Z + f- 3 =f („ + *)*; 

4 [(« + W — 7 j3 3 

... z = * 

(« + 2 h) 

2 a 3 + 3a- h + 3 air 
® ' a (a + 2/«) 

- 2 a "‘ ± 3aJl + 37,2 

3 ’ a + 2/f 

This is the depth of the centre of pressure, and on putting h = 0, 
this reduces to Z = fa, the result we have obtained earlier for the 
depth of the centre of pressure of a rectangle immersed vertically in 
a fluid with one edge in the surface. 

Finally, the position of the centre of pressure is fixed since its 
depth is now known and since it must lie on the line joining the 
mid-point of AB to the mid-point of CD by symmetry. 



Depth op Centre 
of Pressure 


Rectangle | Area Total Thrust 

b (a + h) p.b (a + h).l (a + h) 
bh p.bh.ih 

ab p.ab. (h + J«) 


INTER. UVD. 


o 
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Example 2 — Find the depth of the centre of pressure of a triangle 
immersed vertically tn a fluid with one vertex m the surface and the other 
tuo vertices at depths and d 2 

Let ABC (Fig 67) be the triangle and let CB produced cut the 
surface m D where AD = a 

The triangle ABC is then the difference of two triangles, namely, 
ADC, ADB, both of which have an edge in the surface and consequently 
we may easily find the total thrusts on these triangles and the depths 
of their centres of pressure Thus we may obtain the total thrust on 
the triangle ABC bj subtraction and then proceed as in the last 
example to find the depth of the centre of pressure of the triangle 
ABC Let this depth be Z and let p be the density of the fluid 



Fig 67 


We draw up the following table — 


Triangle 

Area 

Total Thrust 

Depth of Centre 
of Pressure 

ADC 

\ad 2 

| 

p lad 2 \d 2 

¥t 

ADB 

\ad l 

f ww 

K 

ABC 



z 


In this table we have not obtained the total thrust on the triangle 
ABC from the pressure intensity at its centre of gravity, but by sub 
tracting the thrust on the triangle ADB from the thrust on the 
triangle ADC 

Thus, thrust on triangle ABC = p \ad 2 $d 2 ~ P 

= f W -ifl 
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If we now take moments for these total thrusts about the surface 
AD we have 

thrust on A ABC xZ + 

thrust on A ADB X id, = thruston A ADC x W 2 ; 


ap 

6 




2 (t?A - df) Z+d *■ 


ap 


X hh] 


df - rfj 3 


2 (df - df) 
dJ_±dA + d£ 

2 (d 2 H- dj) 

From this result we may deduce the position of the centre of 
pressure of a triangle immersed vertically in a fluid with one vertex 
in the surface and the opposite side horizontal at a depth A. 

Putting dn = d, = A iu the above 
result, 

7 = ] t±Jl ± F 

2 (A + A) ~ 

_3A= 

~ 4A 
= **• 

Example 3. — Find the depth of the 
centre of pressure of any triangle immersed 
vertically in a fluid. 

Let ABC be the triangle (Fig. 68). 

Produce BA to meet the surface in D. 

Join CD. 

Then if a, ft, y are the depths of A, B, C respectively, we see from 
the last example that the centre of pressure of the A DBC is at a 
depth (/S 2 + jSy + y s )/2 (f + y) and the centre of pressure of the 
A DAC is at a depth (a 2 + ay + y 5 )/ 2 (a + y). 

Also depth of C.Gr. of A DBC = J of sum of depths of the points 

D, B, 0 = ^4^; 



the thrust on A DBC 


A DBC X !»X 


P + y 


the thrust on A DAC 


A DAC X w X 


« + y 


(§ 26 ) 


DB X (jB + y) _ j S Q8 + y) . 
DA X (a ri- y) a (a 4- y) ’ 


3 
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depth of centre of 


fi(P + r)x 


P + fr + ? 

2(j8 +y) 


— a (a + y) 


* 4- ay + y 2 
2(« + y) 


' £ (0 + 7) — a (a + y) 

(see Tutorial Statics, § 84) 
jS (? + ft* + y*) — a (a 2 + ay + y 2 ) 

2{^(/5 + y)-a(a4-y)} 

- a s ) + tf*- a*) y + (fi - a) 7 * 

* 2{(/3*-a*) + (0-«)y} 

(0* + aP + «’) + V + “) y + y , , , 

2 J(T+«)Trl ’ dlvld,n 8 b 7 — °) 

* t + P + y , + *fi + *Y + fir 
2 (a + P + y) 


Exam ple 4 — find <Ae position of the centre of pressure of a square 
immersed tn a fluid with one corner tn the surface and a diagonal vertical 
Let ABCD (Fig 69) represent the square with AC (of length h) 
vertical Produce CD, CB to meet the surface m E, F respectively 
Then the square ABCD is the difference between the triangle CEF 
and the two small equal triangles ADE, ABF Since all these triangles 
have a side in the surface we may easily write down the thrusts on 
them and the depths of the centre of pressure of each of them From 
the geometry of the figure AF = AE = A and B, D are each at a depth 
of \h 

Thus we have the following table — 


Triangle 

Area 

Thrust 

Depth of Centre 
of Pressure 

CEF 

h * 

, j h 

Ph 3 

i* 

ADE 



i* 

ABF | 


eJA'i(l) 

ih 


Since 

area of square ABCD = area A CEF — area A ADE — area A ABF, 
we have 
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thrust on square ABCD = thrust on A CEP — thrust on A ADE 

— thrust on A ABF, 

= bV - b 4P P - b, P h\ 

= yv- 

If the depth of the centre of pressure of the square be Z , we 
have, by taking the moments of the thrusts about the surface, 

iph 3 X Z = \plfl x ih — 2 \- ph 3 x x Ji — 2 l 4 - ph 3 x ih 
= hpW - 4 kph* 

= AM 4 ; 



c 

Fig. 09. 


i.e. the centre of pressure of the square is at H, whore AH = 
j— o AC, or if a is the length of a side of the square 

AH = A ■ cos 45 
_ 7a\/2 
~ 12 ' 

39. For an area immersed at any angle in a fluid, the position of the 
centre of pressure relative to the area is unchanged by rotating 
the area about the line of intersection of its plane with the surface. 

In all our considerations of the position of centres of pressure so 
far, we have always stipulated that the area be immersed vertically 
and we indicated earlier that this involved no loss of generality. We 
will now establish the theorem which confirms this statement. 

Consider § 33 again and let Fig. 70 represent a sectional or “ end-on ” 
view of the area in Fig. 56. Let AB be the “ end-on ” elevation of 
the plane area considered in that section, and suppose that BA produced 
meets the surface in 0. The total thrust (T) on the area acts at H 
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so that H is the position of the centre of pressure Now suppose 
that the % ertical line OAB rotates through on angle 8 degrees into the 
position 0 Y'B' The plane of our immersed area is now at an angle 8 
to the vertical, and if H' is the new position of the centre of pressure 
we will pro; e that H rotates into H', » c that the position of the centre 
of pressure of the area is unchanged relative to the area 

The typical element of area o l4 which was at a depth tj, is at a depth 
?, cos 8 after rotation, so that 

thrust on element = pajt, cos 8, approximately 
Therefore, with the notation of § 33, 

total thrust on area = limit of pafi, cos 6 
= limit of p cos 8 J^L X QfZ r 
= p cos 8 x limit of a,z r (i) 


O 



Bnt the moment of the thrust on the element about the surface 
= pa l z 1 cos 8 z x cos 8 approximately, 
so that the total moment about the surface 

— limit of pa?* cos* 8 

— limit of p cos* 8 E% x a,:* 

= p cos* 8 X limit of J %. j OfZ* (u) 

since p and 8 are constant for all elements, and where the limits are 
taken as n -*■ co but subject to 

+ °s + °j + + o« — whole area as in § 33 
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If the depth of the centre of pressure (H') in the new position is Z' 
we have, from (i) and (ii), 

Z' X total thrust on area = total moment of thrust on area, 
i.e. Z' X p cos 9 x limit of Za r z r — p cos 2 6 x limit of Zapzf ; 

. limit of Zaps/ 

■■ z ” cos * x mmZx 

= cos 6 X Z, from § 33. 

But Z' = OH' X cos 6; 

OH' = Z == OH; 

H rotates to H', so that the position of the centre of pressure 
relative to the area is unaltered by the rotation. 


Example 1 . — A rectangle is immersed in a fluid with two edges 
horizontal and at depths 
2 ft. and 7 ft. Find 
the depth of the centre of 
pressure of the rectangle 
if its plane is inclined 
at 30° to the horizontal. 

Let AB (Fig. 71) re- 
present a section of the 
rectangle and let BA 
produced meet the sur- 
face in 0. The centre of 
pressure of the rectangle Fig. 71. 

is at H. 

Then, for Example 1 , § 38, if AB were rotated about 0 into a vertical line, 

a 2 + 3a7i + 37i 2 



2 . 
3 ■ 


OH: 

where a — AB, h — OA. 

In this example OA cos 60° = 


n -j- 27f 


(i) 


2 ; 

/. OA = 4 ft. = h, 
and AB = 10 ft. = a. 

Substituting these values in (i), 

OH = 


100 + 120 + 48 


10+8 


= W ft. 



PRESSURE OP HEA T-1 FLUIDS (3j 


Therefore 

depth of H below surface = OH cos 60 3 
= Vi 4 x 4 ft 
= 4 96 ft 

40 Centre of pressure of area immersed in several fluids which do 
not mix 

In § 33 where we discussed methods of finding the portion of the 
centre of pressure of a plane area, vre assumed that the fluid was 
homogeneous If we are dealing with an area immersed in several 
different layers of fluids with, different densities, exactly the same 
fundamental method is applicable, bnt care has to be taLen in finding 
the pressure intensity at any particular depth For instance, if a 
layer of density p 1 and depth d rests on another liquid of densitv 
p s (> />,} then the pressure intensity due to the liquids alone at a 
depth of z below the common surface is 
Pjd + ftS 

Consequently we may, as m §33, find the thrust on an element and 
hence the total thrust on the area, the moment about the surface of 
the thrust on the element and hence the total moment, so that we may 
find the depth of the centre of pressure by using the moment equation 
An alternative method which may sometimes be quicker is to 
suppose that all the liquids have the same density, bnt that the thickness 
of each individual layer is altered bo that the pressure intensity at 
eiery point of the area is the same as it is in fact Thus, in the 
example above, if we suppose the upper layer of liquid also to be of 
density p s then its depth (A) must be such that 
PjA = Ptd, 

since p 1 d is the pressure intensity due to the liquids alone at the common 
surface 

* Therefore h «= ~d 

Ps 

We propose to work through an example by both methods for the 

sake of eosapansos 


Example 1 — A layer of liquid of density p and depth a, is super 
imposed on a layer of liquid of density 2p and depth >2 a A square 
lamina of side 2 a ts immersed vertically with its upper edge in the surface 
common to the two liquids Find the centre of liqutd pressure below the 
upper edge of the lamina (Inter Sc ) 

Method (i) — The square la mina is represented in Fig 72 Con 
Elder a horizontal element at a depth z below the common surface 
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of width 8 z. Then the pressure intensity at this depth is pa +2 pz 
and consequently we have 

thrust on element = 2a8z {pa + 2pz) ; 
moment about free surface of thrust on element 


— 2a Sz (pa + 2 pz)(a -f z) 

since a -f- z is the depth of tlie element below the free surface; 
total moment about free surface 


f 2a 


2a (pa -f- 2 pz)(a -f- z) dz, 

- o 

where the range of values for z (which is measured from the common 
surface) is 0 to 2a. 



Fig. 72. 


Thus 


J 2 a 

(a -f- s)(a + 2z) dz 
o 


rza 

= 2apj 

J o 


(a 2 + 3az + 2z 2 ) dz 


„ r , , 3az 2 , 2z 3 -| 2n 
= 2ap[« 2 z + — 

== 2a p [2a 3 + 6a 3 + - 3 -a 3 ] 

= -a r«V 


(i) 

Also, since the pressure intensity at the centre of gravity of the square 
lamina = pa -\-2p.a 

— 3 ap, 



90 


FRESSC&E OF BEAW ftClDS (3) 


we have 

total tlni't on square lamina = (2a) 1 . Sap 
= 1 '2a 3 p. 

Thm> if Z is the depth below the common surface of the centre of 
pressure of the square lamina, the moment of the total threat about 
the free surface 

*12a»p(Z-»-o) (u) 

and equating thia to (i), 

12a 3 p(Z+o)=5 i Vp > 



JlfdSod (u) — The prepare mtenMtr in the common surface i> op, 
and «o we may theoreticallr replace the upper liquid by one of densitr 
2p, prouding its thickness is |o since then the pressure mtensitr m 
the common surface, i r la l'2p), is still equal to ap (Fig 73) Thus 
out problem reduces to finding the centre of pressure of a square 
immersed vertical!} in a homogeneous liquid of densitv 2p with it' 
upper edge honrontal and at a depth la from the theoretical free surface 
This is a particular case of the rectangle, vertical edge a, npper edge 
at depth A, which we solved in § 3$ (Example 1), when we found 

depth of C. of P below free surface = | . ^ X 

To ure this result to find the depth of the centre of pressure of 
the square lamina we replace a by 2a and i bv la. Then (u) becomes 
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depth of C. of P. below _ „ 4a 2 -f- 6 a. la + £a 2 
theoretical free surface ~ ® ' 2a + a 

_ 31a 

“T8‘ 

Thus, the deptli of the centre of pressure of the square lamina below 
the common surface 

31a a 
= 18 ~ 2 
_ 11a 
~ 9 ’ 


Exercises V 


Tnko flic density of water as 62-5 lb. per cub. ft. 

(1) A water tank has a rectangular section of height 4 ft. and width 6 ft. 
Find the total liquid thrust on an end when the tank contains water to 
a depth of 3 ft., and tho height of tho centre of pressure abovo the baso. 

(2) A right-angled trianglo of sides 3, 4 and 5 ft. is immersed vertically in 
a liquid and has its hypotenuse in the surface. Find the depth of the 
centro of liquid pressure. 

(3) If, in tho last question, the trianglo is immersed so that its piano makes 
an angle of 10° with tho surface instead of being vortical, find tho depth 
of the centre of liquid pressure. 


(4) A trianglo ABC, right-angled at A, is immersed vertically in a liquid of 
density 90 lb. per cub. ft., with AB in tho surface. If AB = 2 ft., 
AC = 4 ft., find tho total liquid thrust on the trianglo and tho distances 
of tho centre of pressure (H) from A, B and C. 


—iof Tl 


(5) A lock-gate, 14 ft. high and 10 ft. wide, has water to a height of 12 ft. 
^ on one side of it and to a height of 8 ft., on tho other. Find the magnitude 
of tlio resultant thrust on it and the position of tho centre of pressure. 

Tho depths of tho water on tho two sides of a lock-gate are 12 ft. and 4 ft. 
Find tho resultant force on tho gate duo to tho pressure of the water, 
and prove that it acts at a point whose height abovo tho bottom of tho 
look is 52 in. Take the breadth of the gate to be 15 ft., and 1 cub. ft. 
’fwater to weigh 62-5 lb. (Inter. Sc.) 

77) The vertical side of a tank of water contains a square trap door, edge 
2 ft., which is hinged along its lower horizontal edge, and is kept from 
opening outwards by a string attached to its upper edge, which can 
support a maximum horizontal thrust of 18 lb. wt. Prove that the trap- 
door will begin to open when § of its area is covered. (Inter. So.) 


(8) A rectangular lamina of sides a, 2a, is immersed vertically in a liquid 
with the side of length a in the surface. Show that tho distance between 
the centres of pressure of tho two triangles into which tho lamina is 
divided by a diagonal is 5 a/8. 
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(9) A square lamina ABCD of side 2 a is immersed vertically m liquid, with 
AB m the surface A triangular portion of height o, -chose bare of 
length a lies m AB, is removed. Find the depth of the centre of pressure 
of the remaining portion. (Inter Sc) 

(10) A rectangle ABCD of height 6 ft is immersed vertically in water with 

the edge AB in the water surface The diagonals AC, BD intersect at 
O Show that the centre of pressure of the triangle AOD u at a depth 
of 3) ft (Inter Sc) 

(11) Two opposite edges of a rectangle are horizontal and at depths t, t below 
the surface of a liquid, prove bv direct integration that the depth of 
the centre of pressure is 

(12) A tec (angular area is i mm ersed vertically in water with one side horizontal 
at a depth of 9 ft , and the opposite side at a depth of 15 ft Show that 
the centre of pressure is 3 in below the middle point of the rectangle 

(13) -A flat-bottomed tank is divided into two compartments by a vertical 
— door of width 3 m Find the magnitude, direction and position of the 

resultant hydrostatic thrust on the door when one compartment is filled 
with oil of density 1 5 grm per cxm. to a depth of 10 m., and the other 
is filled with a different oil of density 2-0 grm per c cm to a depth of 20 m 

(14) A tnangle ABC, nght-angled at A, u immersed vertically in a liquid 
with A m the surface and BC horizontal If the side AB (of length a) 
is inclined to the horizontal at an angle &, find the perpendicular distances 
of the centre of pressure from the three sides 

(15) A square lamina is partly immersed in a uniform liqnid with its plane and 

one diagonal vertical. The length of the diagonal is 2a and the depth 
below the surface of the lowest comer is 3a 2 Find the depth of the 
centre of pressure of the part immersed. (Inter Sc ) 

(16) In both the cases below, the lamina is immersed vertically m a liquid 
of uniform density Find the depth of the centre of pressure in terms of 
the given quantities 
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(18) Find, by diroot integration, the depth of the centre of pressure in each of 
the following oases: — 

(i) A rectangle of sides a, 6 immersed vertically in a fluid with its upper 
edge (6) horizontal and at a depth h. 

(ii) A trianglo ABC immersed vertically in ft fluid with A in the surfaco 
and BC horizontal at a depth k. 

(iii) A trianglo ABC immersed vertically in a fluid with A at a dopth h 
and BC horizontal at depth h + ):. 

(10) Find the position of tho centre of pressure of a triangle whoso piano is 
vertical, its base being horizontal at a dopth of 4 ft. below tho surfaco 
and a height of 12 ft. above tho opposite vortex. 

(20) ABC is a triangular area immorsed vertically in water with C in tho surfaco 
and AB horizontal; show how to divido tho aroa by a horizontal lino, 
PQ, into two portions on whieh tho pressures aro equal, P and Q being 
points in AC and BC respectively. 

^ If h is the longth of the perpendicular from C on AB, prove that tho 
height above AB of tho contre of pressure on the area APQB in the abovo 
case is \h (.'! X 4^ — 4). 

(21) Show that the dopth of tho centre of pressure of a rhombus totally 
immorsed in a liomogonoous liquid with one diagonal vortical and its 
contre at a dopth h is (d : + 24h-)/24h, where d is tho longth of tho 
vertical diagonal. 

(22) A square, with sides of length a, is immorsed vertically in water with its 
centre at a depth h (> h/-v/2). If the square is rotated in a vertical 
piano about its contre, show that the dopth of tho contro of pressure is 
constant and equal to ( a - -f- 12lr)jl2h. 

(23) Find tho dopth of the centre of pressure of a rectangle immersed vertically 
in a liquid whoso density varies ns tho depth below tho surface, tho uppor 
edge of tho rectangle being in the surface and the lower edge at a depth n. 

(24) A cubical box, whoso innor odges aro 1 ft. in length, is standing on a 
horizontal baso and is half filled with water and half with mercury of 
specific gravity 13-6. Find tho total fluid thrust in lb. wt. on a vortical 
faco of the box and tho dopth of tho centre of pressure on this face. 

(25) A parallelogram is immorsed vertically in a liquid whoso density varies 
as tho depth below the surface, with two of its sides horizontal at dopths 
a and b respective))'. Show that tho depth of tho contro of pressure 
is 3 (b> - <i*)/4 (6’ - a 3 ). 


ANSWERS 

1. 1GS7-5 lb. wt., 1 ft. 2. 1-2 ft. 3. 2\ in. 

4. 4S0 lb. wt., AH = CH = V5 ft., BH = 2J ft, 

5. 25,000 lb. wt„ 5-007 ft. abovo bottom of gate. 

6. GO, 000 lb. wt. 9. G3a/-1G. 
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Again, if 2 denotes the depth of the centre of grant} of the area 
below the surface, we have from the definition of the centre of grant} 

As = bm 21 afi r M 

n— * co 

Using relations (n) and (in) in (l), we obtain 



so that the depth of the centre of pressure below the surface is The 
square of the radius of gyration of the aiea about the surface divided 
by the depth of the centre of gravity below the surface 

By the theorem of parallel axes (Tutorial Dynamics, i) 263) we 
may obtain th» result vn a more convenient form h> expressing the 
radius of gyration about the surface line BS (Fig 74) in terms of the 



G L G 

Fig 74 


radius of g} ration about a line GG through the centre of grant} of 
the area parallel to the line of intersection of the area and the surface 
and the depth of the C G 
This theorem states that 

l* t = l] + s* (*) 

where k t is the radius of gyration of the area about the axis GG through 
the centre of gravity 
Thus (iv) becomes 



Consequently, if we know the depth of the centre of grant} of 
ail area below the surface and also its radius of gyration about a 
horizontal axis through the centre of gravity id the plane of the figure. 
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then we may write down immediately the depth of the centre of 
pressure. 

It may here he noticed that the position of the centre of pressure 
coincides with the centre of oscillation (see Tutorial Dynamics, §§ 286, 
287), i.c. if the bod}' were oscillated about a horizontal line in the sur- 
face perpendicular to the plane of the paper, then the depth of the centre 
of gravity is equal to the length of the simple equivalent pendulum. 

Example 1 . — Find the depth of the centre of pressure of a rectangle 
immersed vertically with two edges horizontal, the uppermost being at a 
depth k and having a vertical edge of length a. 

For this rectangle 

•% 

— — , ( Tutorial Dynamics, § 270) 

IZ 

and 2 = h + \a. 

Therefore Z — — — ; — r— + // + iff 

12 (ft 4- An) 

ad" -f~ 3 {a 4- 2/j)' 

= 6 (a + 2h) 

4a 2 + 12 ah 4- 12 Id 
~ 6 (o + 2/,) 

„ a 2 + 3ah 4- 3 ltd 
■* ’ a + 2h 

We obtained this result in § 38, Example 1 . 

Example 2 . — Find the depth of the centre of pressure of a circle 
immersed vertically in a liquid. 
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The radius of gyration about the diameter AB is \r (Tutorial 
Dynamics, § 276), 



and the depth of the centre of gravity of the circle (i e the centre) is h 
Thus Z = ~+h, 

in 

and for the case when the circumference of the circle touches the 
surface, h = r and 

Z=r + ir 

= — 

“ 4 


Example 3 — A tnangle ABC i 

P 



immersed m a liquid with AB in 


the surface and CD t» 
dined at 60° to the terh 
cal, where D is the fool 
of the perpendicular from 
C on to AB find the 
depth of the centre of 
pressure 

Let CD = h Fig 76 
represents an end view, 
G and H being the 
positions of the centre 
of gravity and centre 
of pressure respectively 
S is the end view of the 


line of intersection of the plane of the triangle and the surface 

Thus the distance of G from S is $ h and if we now denote the distance 
of H from S by Z we have 



where z is measured along the plane of the triangle (see § 39), te z = \h 
The radius of gyration of the tnangle ahout the side CD is — (see 
Tutorial Dynamics, § 274), so that 
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Thus PH (the depth of the centre of pressure) 

= Z cos 60° (by § 39) 

= **■ 


43, The depth of the centre of pressure of any plane area immersed 
in a fluid is greater than the depth of the centre of gravity 
provided the area is not horizontal 

If the area is immersed vertically, then with the notation we have 
used previously, Z denotes the depth of the centre of pressure and z 
• the depth of the centre of gravity. 

If the area is immersed at an angle, we let Z, z denote the distances 
of the centre of pressure and centre of gravity respectively from the 
line of intersection of the plane of the figure and the surface (see § 39). 

If the area is horizontal, then since both the centre of pressure 
and centre of gravity are points on the area, they are both at the same 
depth. 

From the last section we have [equation (vi)] 



where k„ is the radius of gyration of the figure about a horizontal line 
through its centre of gravity, 

i? 

Thus Z-z=4?. 

z 


Since is essentially positive, JL > 0, so that 

z 


Z > z. 

We notice that since k~ has a constant value for any particular 
figure, 

/.a 

JL — > 0 as z — > co, 
z 

i.e, the distance between the centres of gravity and pressure becomes 
zero only at an infinite depth. 


Example 1. — A rectangle is immersed vertically in a fluid with two 
of its sides horizontal, the uppermost being at a depth h. Show that the 
centre of pressure is at a greater depth than the centre of gravity and 
find the value of h for which the difference between the depths of the centre 
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of pressure and centre of gravity ts T $ D o, tr here a n the length of the 
vertical side of the rectangle 

The depth of the centre of gravity is h + ^ 

The depth of the centre of pressure is 5 — ^ - » see § 3?. 

a 2A 

Example 1 

Therefore, the depth of the centre of pressure is greater than the 
depth of the centre of gravity if 

2 (a* -p 3ah -r 3 A*) . a 

3 ^+24 >4+ ? 

1 e if 4 (a* 4- 3aA + 3A*) > 3 (a + 2A)*, 

1 e if 4a* -f I2aA -p 12A* > 3a* + 12<iA 4- 12A* 

1 e if a* > 0, 

which is always true 

Thus, the difference between the depths of the centres of pre'surc 
and gra\ ltv 

2 (o* -r 3aA + 3A*) / L , a\ 

- 3 — 4T24 — r + s) 


6 (a -p 2A) ’ 

v hen A = 0, this difference = - (which is clear independently , 
* 6 

since then a side of the rectangle is in the surface and the difference is 

r-l"=D 

As A 00, — Tr? -»■ O so that the greater the depth of 

6 (a *p JA) 

immereion, the more nearly do the centres of gravity and procure 
coincide 


When 


1 


6 (o + 2A) 100 ’ 

100a* = 6a* -p 12oA, 

or 94a = 12A, 

and A = J Jo 

= 7 83a, 

1 e the upper edge is at a depth of 7 S3a before the difference in depth 
of the centres of pressure and gravity is yo5° 
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44. Graphical determination of centres of pressure 

In Chapter IV (§ 32) we considered a graphical method of finding 
the total thrust on an immersed area. We may extend this method 
to find the depth of the centre of pressure. 

We merely require to find the area, of the second derived figure, 
which is the derived figure of the first derived figure (Fig. 77). Consider 
the typical element CD of the first derived figure. Draw perpen- 
diculars from C and D on to the datum line XX and join the feet of 
these perpendiculars to 0 and let these lines cut off a length c. between 
C and D. 



XL MX 

Fig. 77. 

Then, as in the case of the first derived figure, we shall have, 
from the similar triangles so formed, 

£r W 

z r h 

b r z t = hc r (i) 

The depth (Z) of the centre of pressure below the surface is given by 

lim pn r h r " 

^ ft “> CO 

fJ 

lim pa r h r 

n -*■ co 


or 
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hm paJ z r* 

n — »• co 

total thrust 


lim pajz* 


P A ih 


(“) 


from §32 

When finding the first derived figure we had the relation for the 
typical strip 


from (i) 


a,z r = hb r 
pla T z* = plhb r 2 r 
=-- 9 lh% 


lim 2"_j plapz* *= lim plh l c r 

~ ph* lim 2^,! lc r 

= A 

where A 2 is the area of the second derived figure so that 
A*= lim lc r 
Using this relation in (n) 



area second derived figure ^ ^ 

area first derived figure 

Notice that from the note at the end of § 32 this means that the 
position of the centre of pressure of the original figure is the same as 
the centre of gravity of the first derived figure 

Example 1 — To use the above n ethod to determine the depth of the 
centre of pressure of a rectangle immersed vertically in a fluid with one 
side in the surface 

In general the first and second derived figures are irregular and the 
usefulness of the above methods depends on being able to find their 
areas practically as they cannot be found bj calculation In tie 
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case of a rectangle, however, the first derived figure will he straight- 
sided and we may confirm our results as follows. 

Let ABCD (Fig. 78) denote the rectangle; then if 0 is the pole 
chosen, the triangle ODC will be the first derived figure, so that 

depth of centre of pressure depth of centre of gravity 

of rectangle ABCD . of A ODC 

= P, 

where h is the length of the vertical side of the rectangle. 

We have obtained this same result earlier by other methods. 

45. Effective surface 

In the last two chapters we have been primarily concerned with 
the total thrust and centre of pressure of an immersed plane area due 
to the liquid alone and consequently we have omitted the atmospheric 
pressure from the expression for the pressure intensity at a depth in 
the liquid, taking simply 

pressure intensity at a depth z due 

to the liquid alone = pz. 

If, for any reason, the absolute 
total thrust on a plane area is required 
we need to use (see § 17) 

pressure intensity at depth z — P + pz, 

where P is the atmospheric pressure. 

This may most easily be done by 
imagining a layer of liquid of height h superimposed on the liquid we 
are considering and of the same density p, such that the increased 
pressure intensity due to the superimposed liquid alone is equal to 
the atmospheric pressure. This will be the case when h is given by 
P = ph and then 

pressure intensity at depth z — ph -f- pz 

— P (h + z). 

This says, in effect, that the inclusion of the atmospheric pressure 
is the same as supposing that we had a layer of thickness h of liquid 
superimposed on the true surface and that at the imaginary surface 
of this layer there is no atmospheric pressure acting. This imaginary 
surface is called the effective surface. 

Example. — To find the height of the effective surface for water weigh- 
ing G2£ lb. per cub. ft. if the atmospheric pressure is 1 4-7 lb. wt. per sq. in. 
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The height of the effectiv e surface is given by 
ph = 14 7 lb /sq in 

= 14 7 X 144 lb /sq ft , 

, 14 7 X 144 , 

* = — w~ 

= 33 87 ft 

The conception of an effective surface may consequently be used 
to find the absolute total thrust on a plane area and the position of 
the absolute centre of pressure as distinct from the total liquid thrust 
and the centre of liquid pressure 



Fig 19 

46 Practical applications Retaining walls and dams 

Av eryimportant practical application of the know ledge wchav egamed 
of the total thrust of a liquid on an immersed area and of the position of 
its resultant occurs in the construction of retaining walls and dams 
Let us take the simplest case of a retaining wall of rectangular 
section and consider the forces acting on it per unit length of wall 
when it keeps back a certain height of liquid From this we mai 
determine the necessary thickness of wall m older that the wall will 
not fail by (a) overturning or (i) breaking 

(a) Failure by Overturning — LctABCD(Fig 79) represent a section 
of the wall, height b ft and thickness a ft , which keeps back a liquid 
of depth h ft 
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The thrust of the liquid (P) will act at \h above the base and the 
weight of the wall (W) acts through the centre of gravity of the Avail. 
These are both forces per unit length of the wall and it is clear that 
the wall will not overturn if the moment of W about C is greater than 
the moment of P about C, since C is the corner about which overturning 
would take effect. 

Thus the wall will not overturn if 

W X hi > P X |/i (i) 

If the material of the wall weighs 10 lb. wt. per cub. ft., then the 
weight (W) of 1 ft. length of wall is wab lb. wt. 

If the density of the liquid is p lb. per cub. ft., then from the rule 
for the total thrust 

P = ph X \ lb. wt. 


.Substituting these values of P and W in equation (i): wall will 
not overturn if 

hmf-b > \pP, 


i.e. if 


« 2 > 


pP 

2>wb' 


Assuming that b and h are fixed quantities, this determines the 
thickness a in order that the wall shall not overturn. 

We may achieve this same result by the alternative method of 
finding the position of the line of action of the resultant of P and W. 
This method has advantages, as we shall see later, when considering 
the breaking force in the wall. 

Let 0 (Fig. 79) He the point of intersection of the forces P and W 
and let the resultant (R) of these forces cut the base CD in L. Then, 
if M is the mid-point of CD, the triangle OLM is a triangle of forces, 
so that we have 

W P _ R 
OM ~ LM - OL‘ 


The first two of these gives 


LM = 


P 

W 


.OM 


\p¥ li_ 
wab ' 3 
ph 3 
Gwab' 
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Clearly the wall will not overturn if L is to the left of C, 
*eif LM < a ~, 

. , . P& 


. . plfi 

t e u a* > — — 

3t cb 

which is the same result as we obtained before 


(6) failure by Breaking — In general, long before a wall would 
fail by overturning it would fail by crushing or rupture and care must 
be taken in designing a wall that the resultant of the weight of the wall 
and the thrust of the liquid does not act at such a point as to induce 
this to occur The assumption made is that a masonry wall is not 
expected to be able to withstand tensile stress, only compressive 
stress It is shown in books on hydraulics that in order that there 
shall be no tensile stress m the wall, the resultant must cut the base of 
the wall within the middle third of its thickness 

Referring to Fig 79 again on this assumption in order that there 
shall be no tensile stress across the base of the wall, 

LM must be less than 

6 


ph* « 

dicab 6’ 



giving a greater safe thickness than that necessary only to prevent 
overturning 

So far we have considered the retaining wall as a whole, but it is 
clearly necessary to consider the stability of any portion of the wall 
with respect to any horizontal plane — not only the base 

Consider the same wall of rectangular section, but, for simplicity, 
suppose the liquid rises to the top of the wall Let EF (Fig BO) be 
any horizontal section of the wall at a depth y below the top of the 
wall We may consider the forces acting on the part ABFE and find 
the point P, where their resultant cuts the plane EF The locus of 
the point P is called the line of resistance for the wall 

The forces on the part we are considering, namely ABFE, are its 
weight which is to ay and the thrust of liquid (Ipjr) which acts at a 
distance Jy above EF If K is the point of intersection of the lines 
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of action of these two forces and N the mid-point of EF, then, as 
previously, KNP is a triangle of forces and we have 

K °y __ jpf 

KN NP' 

If we denote NP by x, then this is 

way _ jpy 2 
h * ' 


showing that the line of resistance in this case is a parabola, and since 
y = 0 when x = 0, it passes through the mid-point of AB. 

If there is to be no tensile stress anywhere in the wall then for every 



section the resultant of the forces on the wall above the section must 
cut the section within the middle third of its thickness, i.e. the line of 
resistance must lie wholly within the middle third section of the wall. 

There are many other problems which must be taken into account 
when designing a wall or dam, such as the prevention or allowance 
for seepage of the liquid below the base of the wall with the consequent 
upthrust this would produce — we have simply tried to indicate in this 
section how some hydrostatic principles form the basis on which the 
practical engineer must go to work. 

47. Miscellaneous Examples 

We conclude this chapter with a selection of miscellaneous worked 
examples. 
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Example 1 — A pipe of square section contains liquid of density p 
and u closed by a trap-door hinged along its upper edge and inclined 
at 30’ to the vertical so that the liquid in the pipe tends to sinng the door 
open Find the least unghl of the door if it does not do so 

Let the «ide of the square be a ft and suppose that AB (Kg *1) 
represents the trap-door hinged along the edge at A If G and II are 
the centre of gravity and centre of pressure of the door respectivel v we have 
AG — JAB 

— la sec 30° since AB cos 30 a = a 


V* 

id AH = f AB 

_ -fa 

~ 3^3 

If P is the total thrn t of the bquid (which will act at right angles 

A 



Fig 81 

to the door) then the least weight (W) of the door in order not to open 
mil be given when the moment of AV abont A equals the moments of 
P about A, 

i e when W AG cos 60° = P AH 

• r when ^ Ai 1 = P 5TZ, 


and P the total thrust equals a X AB x p X In 
»e P = 1 pd s 30 a 

— (*?! 

V3 

ip ib wt 

3\/3 
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Example 2. — To find the position of the centre of pressure of a semi- 
circle immersed vertically in a liquid icith its bounding diameter in the, 
surface. 

Let AB (Fig. 82) represent an element of the semicircle at depth z 
and of thickness Sz. Let its length be 2x, i.c. x is measured from the 
axis of symmetry, somewhere on which the centre of pressure must 
lie, and let r be the radius of the semicircle. Then if p is the density 
of the liquid we have 

Area of elemental strip = 2rSr. 

Thrust on strip = 2xSz.pz. 

Moment about surface of 


thrust on strip = 2 x8z.ps. z; 



1 

! 

Fig. 82. 


total moment — 2p I as : "dz 
Jo 

= 2pf 'sVir 2 - =-) dz. 

J 0 

since r- + c 2 = r 2 . 

To integrate this expression we need to make a trigonometric 
transformation. 

Put s = r sin 0, 

then dz — r cos 0 d 0, 

and r- — c 2 = r 2 — r- sin 2 6 

— r 2 cos 2 9. 

When wc change the variable from z to 0 we must also change the limits. 
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Thus when 2 = r at the upper limit ue have 

r — r sm 6, 

so that sin 0 — 1 

te 6 = nj2 

and at the lower limit when 2 = 0 
then r slq 0 = 0, 

0 = 0 

Thus the integral for the total moment 

= 2/>j ^*r l 5in s 0 r cos 6 r cos 0d6 

= ipA”’ sin* e cos' e ie 

hut 8in* 0 cos 1 0 — J sm 1 2 0 

= }(J-*cos40) 

Thus total moment = 2pr * J (I — £ cos id) dO 

=2pr-ii*-r^; / ‘ 

= V*2 

npr* 

8 

The total moment equals the total thrust multiplied b) the depth 
of the centre of pressure and the total thrust m this case 
7rr* 4r 

= ~2 P 3 ^ 

= fpr 3 (see § 27) 

Thus if Z be the depth of the centre of pressure uc hai c 



Example 3 — A retaining wall ts to be built tctth dimensions as 
indicated tn the diagram ( Ftg 83) to Keep back oil { specific gravity 1 9) 
The section is « trapezium and the face of the t call tn contact mth the oil 
ts vertical Find the least tcetght per cubic foot of the masonry if the 
resultant of the forces on the wall is to cut the base tn thn t ts middle third 
11 e first require to find the distance (x) of the centre of grai it} (G) 
of the wall from the i ertical face If the masonry weighs ic lb wt 
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per cub. ft. the weight of 1 ft. length of the wall is 60w + 15w, i.e. 
75u>. The rectangular part weighs 60 to and the distance of its G.G. 
from the vertical face is 3 ft., while the w T eight of the triangular 
portion is 15ii> and its C.G. is at a distance of (6 -f \ .3) ft., i.e. 7 ft. 

Taking moments about the vertical face, to find x, we have 
60 ip.3 + 15m. 7 = 75 ivx, 
giving x= i 5 a ft. 

The total liquid thrust on the dam = 10. bp where p is the density 
of the oil. If M is the point where the resultant of the thrust and 


A 6' B 



75 w 

Fig. 83. 

the weight cuts the base then, as before, & OLM is a triangle of force 
and we have 

75 w _ 50p 
OL ~ LM ’ 

/. LM=^.OL 
75 w 

_2p 10 

3«> 3 

2 Op 

9 to ’ 
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and \f II is to be -within the middle third of DC, then Dll must be 
leas than € ft 

tc must be such that DM < 6 
20a 19 

« + ?-<• 

*?<« 

9w 5 ’ 

* e 99 tc > 100p 

•* *>Wp 

» c > y*® x 62 1 X 1 9 lb wt per cub ft 

i e > 119 9 lb wt per cub ft 

» e the masonry must weigh at least 119 9 lb wt per cub ft 


Exercises VI 

(I) A triangle is immersed vertically id a liquid and has a vertex in the 
surface the opposite side being horizontal »t a depth h Find the depth 
of the centre of pressure if the radius of gyration of the triangle about 
a horizontal line through its vertex in the plane of the tnangle is h/v/** 

(’) Find the depth of the centre of pressure of a triangle ABC immersed 
vertically m a liquid with A at a depth p and BC horizontal at depth 
p + A given that the radius of gyration of the tnangle about a line 
through the centre of gravity parallel to BC is A/V'IS 

(3) If in the last question BC is at a depth p and A at a depth p + h find 
the depth of the centre of pressure 

(4) ABC is a triangular area whose base is the surface of water and vertex C 
vertically below AB If A is the length of the perpendicular from C to 
AB and the area is sunk so that AB is at a depth of nh prove that the 
vertical displacement of the centre of pressure in the area, is nA/2 (3a 4- 1) 
using the result of Qaestion 3 above 

(5) One end of a trough of rectangular cross section 3 ft wide by 4 ft deep 
/b hinged along its lower edge and is kept *n position by a horizontal 

' force P lb wt applied to the mid point of da upper edge If the trough 
is just filled with water find the least value of P necessary to prevent 
water flowing out (The density of water — 6’ 5 lb per cub ft ) 

(HJ3C I) 

(6J^Using the result of Example 3 § 33 prove that the centre of pressure 
of a tnangle wholly immersed verticallv m a liquid is the centre of grawtv 
of three weights placed at the middle points of the sides and proportional 
to the depths of those points 
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(J)'The door of a watertight compartment in a ship is 6 ft. high and 2 ft. 6 in. 
wide and is hinged along a vertical edge. The top of the door is 7 ft. 
below tlio surface of the sea outside; find (i) tho total thrust on the door, 

(ii) the reaction at the hinge. 

A lock-gate operates by sliding vertically upwards and is supported at 
,its "upper and lower horizontal edges. Show that, if a be the height of 
the lock-gate, h the depth of the water on the deeper side, h' the depth 
on the shallower side, l the breadth of tho gate, and w the weight of unit 
volurno of water, 

tho reaction on the top support = wl (h* — • h' 2 )!6a, 
the reaction on the bottom support = 1 wl {h- — h' 1 ) — wl (h 2 — h' 2 )/6a. 

(9) A plane area is immersed in a liquid with its centre of gravity at a depth a 
and its centre of pressure at a depth b. If an additional layer of thickness 
h is now superimposed, show that the position of the centre of pressure 
rises a vertical distance of h ( b — a)/(o + h) relative to tho area. 

(10) Show that if a rectangle be immersed at different depths, always at an 
inclination 8 to tho horizontal and always with tho same two edges 
horizontal, the centres of pressure and of gravity tend to coincido as the 
depth increases. 

(11) A circular lamina of radius 3 in. is immersed vertically in a liquid of 
density p lb. per cub. in., its centre being at a depth 4 in. Find graphically 
the depth of the contre of pressure and comparo the result with that 
obtained from Examplo 2, § 42. 

(12) A triangle is immersed vertically in water with its base in tho surface 
and the opposite vertex at a depth p. If the height of tho effeotivo 
surface for water bo h, prove that tho centre of prossuro will bo a distanco 
hpj(Gh + 2 p) higher than if tho atmospheric pressure were neglected. 

(13) A parallelogram is completely immersed vertically in a liquid with its 
centre at a depth h below tho surface. If a and 6 are the lengths of tho 
projections of its sides on a vertical line, show that tho depth of tho contra ■ 
of pressure exceeds tho depth of tho centre of gravity by an amount 
(a 2 + b-)/12/i. 

(14) A right-angled triangle is immersed vertically in a liquid as shown in tho 



diagram. Find the position of the centre of pressure (H) by determining 
tho distances x and y by (i) inspection, (ii) integration. 
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(15) \ lamina in the farm of a quadrant cf a circle of radius r i, imraerred 
vertically in a liquid with ooe straight edge m the surface Find the 
distances of the centre of prepare from the two straight edge* 

'”) IVove that if a lock is closed bv two equal gates meeting at an angh> e. 
r'ihe thrust between the gates is equal to the thrust on each hinge jost, 
and is J cosec a of the hydrostatic thrust which would be exerted on a 
single gate, closing the lock at right angles to its length 

(17) The gate* of a canal lock are each 12J ft. wide, the width of the canal 
i* 24 ft , the depth of the water at one side is IS, and at the oth*r 12 ft 
Find the magnitude of the resultant water pressure on either gate, and 
show that it acts 7-6 ft from the bottom Show that the thrust between 
the gates themselves i* about 56 ton weight 

(IS) A square of side a is immersed vertically in a liquid with one comer in 
the surface and a side inclined at an angle P to the vertical Show that 
the difference m depth between the centre of gravity and centre of 
pressure is a 6 (sin $ + cos f) 

(!•>) A_jns*onrv retaining wall of rectangular section is to be built 12 ft high 
-do keep back water which mac nse to the top of the walL If the masonry 
weighs loO lb per cub. ft find the m i nim um width of wall required 
in order that it shall never slide at its base, the coefficient of f notion 
there being 0-4 

Prove that, with this width, the wall will be safe against overtnnur.r 

(20) If, in the larf question, as a safety precaution against sliding the will 
i« constructed S ft wide, find where the resultant of the weight of the 
wall and the hydrostatic thrust of the water cuts the base Is any 
fenei7e «*re*s produced in the wall * 

(21) A drain outlet consvt« of a V-shaped trough w-th its axis horizontal and 
an equilateral triangular cross-ecction of side 2 a It has an oblique 
plane end filled by a ckee-fitting triangular trapdoor, kept shut be its 
own weight. The trapdoor is hinged about its upper edge of length 2a, 
which is horizontal, the r em a in i n g sides of the door each being of length 4o 
If the trapdoor opens when the depth cf liquid in the trough is o, show 
that the wetght of the trapdoor is 

where w is the weight of unit volume of the liquid (H-S.C-, III ) 

(22) A vessel contains a homogeneous fluid of density ^ to a depth greater 
than a and above this a layer of depth rf (> a) of homogeneous fluid 
density p, A plane circular disc of radius a is placed m the vessel with 
its plane vertical and its centre in the surface common to the two fluids. 
Ignoring atmospheric pressure, show that the dep*h of the centre of 
pressure of the disc below its centre is 

3* (ft 4- ft)«* 

S [3»ftd 2 (p, — p,) uj 


(H2?C. Ill ) 
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ANSWERS 

,3 h 0 Gp- -f Sp/i -f 3h" , 6 p- + ipk -f h 2 

1' ' 2(3 p + 2h) '• 2 (3 p + h) ‘ 

5. 500 lb. wt. 7. (i) 9376 lb. wt.; (ii) 46871 !b. wt. 

11. 4 T 9 g in. 14. x = 36/8, y = Saji. 

15. Distance below horizontal edge = 3rrr/16; distance from vortical 
edge = 3r/8. 

17. 30-22 ton wt. 19. 6-25 ft. 

20. 1 -25 ft. from the centre of the wall, away from the water face. No, because 
the resultant lies within the “ middle third ” of the wall. 



CHAPTER VII 

PRESSURE OF HEAVY FLUIDS (5) 

Rescltaxt Thrust on aw Surface 
48 Nature of the problem 

,In the last three chapters we have been concerned with the thrust 
exerted by a fluid on a plane area and we now want to extend onr 
methods to find the resultant thrust on any curved surface This is 
more difficult, because in the case of a plane area the thrusts at \ anous 
points were all parallel to each other since they were all at right angles 
to the area and could, therefore, be compounded into a single resultant 
In the case of a cun ed surface, 
however, the thrusts are still all 
normal to the surface (ree § 4), 
and consequents are in different 
planes so that they cannot be 
added together to gi\e a single 
resultant We can, however, 
resolre the pressure on each 
element of the surface into three 
components at right angles and 
then find the resultant com 
ponent m each direction 

In general, this is as far as 
we are able to go and the 
Fi<r 84 resultant thrust on the surface 

will be represented by there three 
components in their respectii e planes For instance the horizontal 
plane which contains one of the horizontal components will, in general, 
be a different plane from that which contains the other horizontal 
component so that their lines of action cannot intersect 

If it happens, however, that the three components do meet in a 
point (which is often the care if the body is symmetrical)- then we maj 
compound them into a single resultant thrust as follows — 

If X and Y reprerent the resolved components m two perpendicular 
horizontal directions and 2 the component in a vertical direction 
(Fig 84) then H, the resultant of X and Y, is equal to V (X s -f- Y*J 
bj the parallelogram of forces and similarly the resultant thrust (R) 
on the surface is the resultant of Z and H and is therefore gn en by 

R = V(X*-»- Y* + Z*J 
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We shall show, in the following paragraphs, how to find the resultant 
components in the vertical and horizontal directions. 

49. Resultant vertical thrust 

To find the resultant vertical component of the thrust of a fluid 
on an immersed surface (generally termed the resultant vertical thrust) 
we need only consider the equilibrium of a vertical column of fluid 
standing on the curved surface. 

Let ABCD (Fig. 85) be an area on a curved surface with fluid 
pressing on it from above and let vertical lines be drawn through 
A, B, C, D to meet the surface of the fluid in a, h, c, (1. 



Fig. 85. 

Consider the equilibrium of the fluid in the column ABCDahcd. 
The only vertical forces on it are: — 

(1) Its weight (W), acting downwards through its centre of gravity, 
and 

(2) The upward component of the reaction (R v .) exerted by the 
surface on the fluid. 

Resolving vertically these are equal and opposite so that 

R v = W. 

But the reaction of the surface on the fluid is equal and opposite 
to the thrust of the fluid on the surface. Hence resultant vertical 
thrust of the fluid on the surface is equal to the weight of the column of 
fluid and acts downwards through the C.G. of the fluid. 
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If, on the other hand, the fluid presses the surface upwards as in 
the case of the area chosen m Fig 86, exactly the same procedure is 
adopted as before The pressure intensity due to the fluid depends 
only on the depth below the surface and consequently the thrust on 
the area in this case is equal and opposite to the thrust when the fluid 
presses on the surface from above, t e m Fig 86 the vertical com 
ponent of the thrust on the area PQTtS is equal to the weight of the 
fluid in the column which would stand on this area up to the surface 
of the fluid, but acts upwards through the centre of gravity of this 
supposed column of fluid 

We have already had an example of this vertical component of 
thrust on a curved surface in § 25, Example 1 There we had a hollow 
cone filled to half its height 
with sea water and we deter 
mined the weight of the 
liquid and also the thrust 
on the base The difference 
was 2 618 lb wt which we 
attributed to the vertical 
component of the thrust on 
the curved surface 

In accordance with the 
theory in this chapter we 
may now show that this 
weight is, in fact, the weight 
of the liquid which would 
stand on the cun ed surface 
Using the dimensions 
given in Example 1, § 25, 
we have — 

\olume of cj Under of height 6 m , standing on base of radius 3 in 
= tt cub ft 

But volume of frustum of cone was j t j-j-j- cub ft , 
i olume of liquid which would 6tand on curved surface 



-cub ft , 


weight of sea-water which would stand on curved surface 
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= 2-618 lb. wt. 

Thus, the vertical component of the thrust exerted by the sea-water 
on the curved surface = 2-618 lb. wt. and acts upwards. 

We leave the solution of further examples involving the vertical 
component of the thrust on a curved surface until we have considered 
the horizontal component. 

50. Eesultant horizontal thrust 

We may determine the horizontal component of the thrust on a 
curved surface (the resultant horizontal thrust) by considering the 



equilibrium of a horizontal column of fluid bounded at one end by the 
curved surface and at the other by a plane area. 

Consider .Fig. 87. It shows an area ABCD on a curved surface 
(as in §49), but this time it is projected on to a vertical plane, the 
projection being a'b'c'd'. If we consider ABCD as a lamina completely 
immersed in a fluid, then we may consider the equilibrium of the 
column ABCDn'b'c'd' of fluid. The only two forces on this column 
perpendicular to the plane of projection (j.e. along the axis of the 
column) are: — 

(1) The thrust (T) exerted by the remainder of the fluid across 
the plane face a'b'c'd' acting at the centre of pressure of this plane 
area, and 
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(2) The horizontal component of the reaction (R n ) exerted by the 
cun ed lamina ABCD 

Hence these are equal and opposite, and since the thrust exerted 
by the fluid on the lamina is equal and opposite to the reaction exerted 
by the lamina on the fluid we have — • 

Resultant horizontal thrust of the fluid on the area in a given 
horizontal direction is equal to the thrust which would be exerted 
on the projection of the area on to a vertical plane perpendicular 
to the given direction and acts through the centre of pressure of 
that projected area 

Example — A hollow hemispherical shell of radius r ts immersed 
in liquid of density p with a diameter vertical If the centre is at a depth 
k,find the resultant horizontal thrust on the hemisphere 

The projection of the hemispherical shell is a circle, radius r and 
centre at depth A Hence, by the theorem above, the resultant 
horizontal thrust on either side of the curved surface of the hemi 
spherical shell is equal to the thrust on the circle This, from § 27 
(Case 7), is nr^pl and the depth of the centre of pressure of the circle 
r s 

is A + — from § 42 (Example 2) Thus we know the magnitude and 

4A, 

position of the resultant horizontal thrust 
51 Examples 

We now propose to solve some problems concerning thrusts on 
curved surfaces in which we may compound the resultant vertical 
and horizontal thrusts to obtain a single resultant 

Example 1 — A closed cylinder of radius r ft and length l ft is just 
full of liquid of density p lb per cub ft If the cylinder is held with 
its axis horizontal, find the liquid thrust on each half of the curved surface 
determined by a horizontal plane through the on* 

The resultant v ertical thrust on the upper half of the curved surface 
of the cy Under will be the weight of the liquid which would stand on 
this part if the liquid were outside instead of inside, the levels in the 
two cases being the same Fig 8S shows the section 

Thus the v olume of liquid standing on the upper half 
= 2r*J — cub ft 
= fr* (2 — |ir) cub ft , 
weight of liquid = li*p (2 — \n) lb wt 
Hence the resultant vertical thrust on the upper part is fr*/> (2 — l v) 
and acts upwards as shown m Fig 88 (since it acts through the centre 
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acts dotcnuards through the centre of gravity of this column Also 
the resultant vertical thrust on the lower part of the body is equal to 
the weight of the column which would stand on the lower part of the 
surface of the body and acts upuards through the centre of gravity 
of this column of liquid, 

t e the resultant \ ertical thrust on the lower part 

= weight of column of fluid standing on body -f weight of fluid 
displaced by body 

Therefore, considering both the vertical thrusts on. the upper and 
lower parts of the body, we have the resultant vertical thrust on the 
whole body is equal to the weight of fluid displaced by the body and 
acts upuards through the centre of gravity of this displaced fluid 





This point is called the centre of buoyancy and the resultant force 
i ertically upwards is called the force of buoyancy 

Since we are dealing here with a body (as distinct from a surface) 
there is no resultant horizontal thrust, because we maj always draw 
a line round the surface of the body which divides jt into two parts 
which have the same projected areas on a vertical plane so that the 
horizontal thrusts on each part are equal and opposite 

Thus the resultant vertical thrust we obtained above is m fact 
the total resultant thrust of the fluid on the body 

As we have already said, this principle is of very great practical 
importance It was first established by Archimedes and is, in con 
sequence, known as Archtmedes' Principle 
TVe propose to gne an alternative proof 

The resultant thrust of a fluid on a solid depends on the shape and 
position of the solid, not on the composition of the solid itself If 
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we imagine the solid removed and exactly the same shape of fluid 
in its place then the resultant thrust is unaltered. But we now have 
a continuous fluid aud the fluid introduced in place of the solid is in 
equilibrium with the rest of the fluid. This fluid has its weight acting 
downwards through its centre of gravity and, since it is in equilibrium 
with the remainder of the fluid, the resultant thrust exerted by the 
original fluid on the solid is equal and opposite to the weight of the 
fluid filling the space occupied by the solid. 

The principle may be proved in exactly the same way if the solid 
is only partly immersed in the fluid and so, finally, we may enunciate 
Archimedes’ Principle as follows : — 

When a solid is partly or wholly 
immersed in a fluid at rest, the resUlt- 
ant thrust of the fluid on the solid 
is equal and opposite to the xcciqht 
of the fluid displaced by the solid 
and acts vertically upwards through 
the centre of gravity of the displaced 
fluid. 

Example 1 . — A solid hemisphere 
of radius r is immersed in liquid of 
density p with its plane face vertical 
and centre at a depth k. To find 
the resultant thrust on the curved sur- 
face of the hemisphere. 

We have already found (§ 50, 

Example 1) the horizontal thrust 
(H) on the curved surface of a 
hemisphere. It is of magnitude 

wr-plr and acts along the line BA 
*» 

(Fig. 93) where OA = — , 0 being centre of the hemisphere. 

From Archimedes’ Principle the vertical thrust (V) on the hemisphere 
is equal to the weight of liquid displaced by the hemisphere (i.e. 
l-rp) and acts upwards through the centre of gravity of this displaced 
liquid. If G is the centre of gravity of the hemisphere, then OG is 
horizontal and equals |r. 

Since the hemisphere is symmetrical about a vertical plane dividing 
it into two quadrants, there is no other horizontal component and the 
resultant thrust (R) on the hemisphere is given by 
R = V (H= 4- V s ) 

= V (svyjp + i^p-) 

= rrwp A /(A- 4- iw). 
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If the lines of action of V and H intersect in T and 6 is the angle 
that R makes with AT, then 

„ V 
tan S — — 


But 


mPpk 

2 r 


3 1 

OA r : 8 
AT ~ 4L 3 r 


2 r_ 

" 3k' 

R passes through the centre 0 

This could have been deduced independently Since every thrust 
on the curved surface is normal to the surface, the lines of action of 
every thrust on every element must pass through the centre, therefore 
the resultant must pass through the centre 


53. Resultant thrust on a curved surface enclosed by a plane curve 
If we require to find the resultant thrust on a curved surface 
bounded b> a plane curve we need not find the horizontal and vertical 
thrusts separately because the system is in equilibrium under the 
action of three forces 

(1) The weight of fluid enclosed by the curved surface and plane 
face, 

(2) The thrust across the plane face and 

(3) The thrust across the curved surface 

If we know the magnitudes and directions of the first two of these, 
v.e may find the third from the triangle of forces 


Tacample — A trough is made by cutting a right circular cone by a 
plane through t Is axis If the trough is full of liquid of density p, to find 
the resultant thrust on the curved surface 

Let Fig 91 represent the forces on the liquid, these are — 

(1) The force (P) exerted by the plane semicircular face, 

(2) The weight (W) of the liquid, 

(3) The resultant reaction (RJ of the cun ed surface 
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If the semicircular base is of radius r, then 

4r 


l-r.p— (Case 8, § 27) 


2 pi 3 

3 ' 
liquid in 


the trough is given by 



The weight (W) of 
W = I . J-r7;p, 
where h is the length of 
the trough. 

Consequently, since 
W and P are at right 
angles, from the triangle 
of forces 

R = y'fps + VT-) 

= V(|pV + 

^w-VAV) 

= l P rV{ 16 r 2 + 

and the thrust exerted 
by the liquid on the 
curved surface is equal and opposite to the reaction exerted by the 
curved surface on the liquid. 

The direction of the forces on the trough are shown in Fig. 95. 

It is clear that we should have obtained the same result by our 
previous method of finding the resultant vertical and horizontal 
thrusts on the curved surface (Y and H respectively), for 

V = weight of fluid standing 
on curved surface, i.e. 

V= IV, 

and H = thrust on projection 
of surface on vertical plane, i.e. 
H=P, 

Fig - 05 - and since R = v'(V= + H 2 ), 

we obtain the same result as before. 

To find the direction of R, if it makes an angle 8 with the horizontal, 
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We may also find the line 0 / action of the resultant thrust on the 
curved surface The centre of gravity of the liquid m the half cone 
is also JA from the base and the centre of pressure of the semicircle 

is at a distance from the centre {see Example 2, § 47) Thus, if 

m Fig 96, B is the centre of pressure of the semicircle, C is the point 
of intersection of P and W, and A is the point in the plane of the semi- 
circle where the line of action of R cuts it, then ABC is a triangle of 
force and we ha\ e 

W P 
AB “ BC’ 

W 

or AB = p x BC 



= 7tA* 

16r 

Consequently the distance of A from the centre of the semicircle is 
3 7tt irk* 

16 16r 
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surface passes through 0, the centre of the semicircle, when 

3r s = Ir, 

t.c. wlien T {h — l/\/3, 

i.c. when the semi-vertical angle of the cone is 30°. 

Exercises VII 

(1) A tank i< made in the shape of n half-cylinder of length (5 ft. with piano 
semicircular end' of radii 2 ft. If it stands on a semicircular end and 
is just full of liquid of density 70 lb. j*cr cub. ft., find the resultant 
horizontal thrust on the curved surface. 

(2) A thin, hollow hemispherical container rests with its circular base of 
radius r ft. on a horizontal plane and is just full of water of density p lb. 
per cub. ft. Kind in magnitude, direction and position the following 
farces: — 

(i) the resultant vertical component of the thrust on the curved surface; 

(ii) .. .. horizontal „ ., „ „ „ „ „ „ 

(iii) the resultant thrust on the curved surface; 

(iv) „ „ „ „ plane base. 

(3) An open-topped tank is made in the form of half n cone by bisecting a 
right cone by a plane through its axis. It is kept with its triangular 
face vertical and vertex downwards and is full of liquid of density p. 
If the radius of the semicircular top is r, and the height is A, find tho 
magnitude of 

(i) tho resultant vertical thrust on the curved surface: 

(ii) .. horizontal „ ,. ,, „ ,, 

(iii) the resultant thrust on the curved surface; 

(iv) the angle 0 this resultant makes with the. horizontal. 

(4 ) A hemispherical bowl holding 4 lb. of a liquid is held with its rim ngaiust 
a vertical wall. Kind the magnitude of the resultant thrust of tho liquid 
(i) on the wall; (ii) on the howl. 

(5) A cylindrical boiler has hemispherical ends and is mounted with its axis 
horizontal, the overall length being twice its maximum cross-sectional 
diameter. When it is jnst full of water, show Hint the horizontal com- 
ponent of tho thrust on a hemispherical end is 03W, whero W is tho 
weight of water contained in the boiler. 

(6) A cone, whose height is 3 cm. and the area of whose base is 10 sq. cm., 
is filled with water and placed vertex upwards on a horizontal tablo. 
Kind the resultant thrust (i) on the baso; (ii) on the curved surface. 

(7) A hollow cone, whoso height is 4 in. and the radius of whose baso is 3 in., 
is fixed with its baso horizontal and its vertex downwards. The cono 
is filled with cvnter; find the resultant thrust on the curved surface. 

(8) If tho cono in tho last question bo inverted so ns to stand on its base, 
find the increaso of tho resultant thrust on tho curved surface. 
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(°) An open bomontal channel of length a is full of bqol of decsitv f- 
The erass-'aection t> a quadrant of a cade of udi:) r, and the plane ?xJ- 
of the c h a nn el is vertical. Find the marm*ode and drccbcsa of the 
re*nlt*nt threst cf the bqc»i on the raved rcrface, orelectmg atmospheric 
psressme 

(10) A solid hemisphere a hoc- radms t$ 7 ctl is inmned a bqtad of specific 
pinty l'J, mth its tarel tmface cpjoxxet and its plane *nrf*ce 
homer, ta] at a depth of SO ns. lad the ie*n!tast vertical tiituts oa 
both the plane and the corred vnrfaces. 

(1 1) A hollow cone of oner radius 4 ft. and oner hesrht 10 fb, and not doted 
br a base, is placed with its rs on a bonzoctal plan-, the cone is filled 
with water throcrh a mall bol* at the vertex and the water does not 
flow out. Find the force, m tons wr*ght. with which the water Irdi to 
to tft the cone 

{!*) A closed evlmder of radius r and lemrth I is just fnU of Dqwd weig h me 
■r per tail volume If the er Under is hell with its an« fcomontal. find 
the liquid thrast on the lower half of the craved surface determined br 
the hcmcetal plane thrwiph the axis. 

If the CT finder be tihed cntil the pline ends are inrlmed at W* to the 
horizontal, find the liquid thrust on the lower plan- end. (In*e^ Sc ) 

(13) The fharran shows part of the -eeticHi of an embankment wall wi.h 
a eonrd side EC If AC is vertical and the area of the section AEC 


A 6 " 

B 

~zzo 

S&is, 

M 1 1 1 1 1 1 1 

c 


is pren as SO sq fh, find, from the dimensions radicated, the mamitade 
of the resultant Tertical and bonrontal ct>mpa=en*s of th- thrast oa th* 
embankment per foot lermth. Hence find the marcitade and direction 
of the reliant threat per rmit length of walL 

(14) A sphere cf I ft radrzs is imme*^ed m wa'er with its filbert point in 

the surface Taker; tb» deestv of water as Cd o lb. per cnh. fi-. find the 
rr-nhant threst of the water (I) on the upper (u) cn the lower half of 
the ratface of the sphere (H5.C, I ) 

(15) A bowl m the shape of a besmpVre is filled with water Find the 
vertical thrust and the boraoctal threst on eithe* of th“ portions m*o 
which it is dmded br a vertical pvisae through its centre, n terms o r W, 
the weight of water m the hemisphere 

[The centre of gravitv- of a semicircle of radios r is a* a distance 
4r |3 t) from the centre } 



KXERCISES 


131 


( IG) A solid right circular cone of height 1 ft. and vertical angle 60° is immersed 
in water with its axis vertical and its vortex in the surface. Find the 
direction and magnitude of the resultant thrust on one portion of its 
curved surfaeo which is cut off by a piano through tho axis. (H.S.C., I.) 

(17) A closed vessel is in tho form of a right circular cylinder with ono ond 
plane and tho other a hemisphere. If tho vessel rests just full of liquid 
with its axis horizontal, show that tho ratio of tho thrusts of tho liquid 
on the hemispherical and plane ends is approximately 6 : 5. 

If tho ratio of tho resultant thrust of tho liquid on tho whole surfaeo 
of tho vessel to the thrust on tho piano end is 17 : 3, find tho ratio of tho 
total length of tho vessel to its radius. (H.S.C., I.) 

(IS) A closed circular cylinder is full of water and hangs freely from a point 
in its upper rim. If tho radius of its cross-section is half its length, 
, prove that tho vertical and horizontal components of the resultant thrust 
on its curved surface are each half the weight of the water it contains. 

(19) A spherical shell is made of two equal hemispheres in contact nlong a 
vortical piano and hinged at tho highest point of their rims. If tho 
shell is full of water and is suspended from tho hinge, show that tho two 
hemispheres will not separate if W' > 3\V, where W' is tho weight of 
the whole shell and W tho weight of water it contains. 

Show also that tho resultant liquid thrust on oithcr hemisphere 

is ^\/13. 

(20) A solid hemisphere of radius a is immersed in a liquid, tho depth of tho 

centre of tho piano surface being h below the free surface of the liquid 
and tho piano of tho base being inclined at nn anglo 0 to tho horizontal. 
By considering tho liquid pressures acting on the hemisphere, show that 
tho centre of pressure of tho circular base is a : sin 0/4A from tho 
geometrical centre. (H.S.C., III.) 

(21) A cylindrical vessel full of water is held with its axis inclined at an anglo 
of 45° to tho vertical. Find tho magnitudes of the pressures on the ends, 
and show that tho resultant pressure on the curved surface mil equal 
the difference between the pressures on the ends. 

(22) A uniform solid hemisphere, of weight W, floats with its curved surface 
partly immersed in a liquid and with ono point of its rim in tho surface, 
equilibrium being maintained by a vertical force pVf applied at this point. 
Find the value of p if tho plane face of the hemisphere is inclined to tho 
horizontal at an anglo whoso tangent is J. 

Find also the ratio of tho density of tho material of the hemisphere 
to that of the liquid. 

[Assume, without proof, that the volume of a cap of height A of a 
sphere of radius a is rrfi s (o — A/3) and that for a hemisphere of radius n, 
the distance of the C.G. from the centre of the piano face is 3a/S.j 

(H.S.C., I.) 

(23) A hemisphere, of radius r, is immersed in water with its plane base inclined 
at an angle 6 to the horizontal and its centre at a depth h ( > r), the 
curved surface being uppermost. Show that the resultant thrust on the 
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curved surface is & foico acting through tho centre at an inclination to 
the horizontal of 

tan 1 £ eoaeo 8 — cot 8 J 

(21) A solid sphere is divided into eight equal parts by throo mutuilly 
perpendicular planes passing through the centre One of theso parts 
is immersed in water with a plane face in the surfaco Prove that the 
resultant threat on the curved surfaco is W (w* + S)tyjr where \\ is the 
weight of water displaced by tho part 

(26) If the part of the Bphere considered in the last quostlon is lowered without 
turning through a distance h, show that tho thrusts on tho three plane 
faces reduce to a single force, and find its magnitude 

(26) Tho bottom of a glass is a circlo of an inch diamoter, tho sulo forming a 
portion of a right circular cono of semi vertical anglo 30°, with vertex 
downwards The glass is filled to a height of 6 in with water hind 
approximately in ouncos tho resultant pressure on tho sido of t) e glass 
having given that a cubio foot of water weighs 1000 ounces 

(27) A solid com of vertical anglo 2a is Immersed in a liquid with a generating 
lino in the surface Show that the resultant thrust on the curved surface 
makes an angle 8 with tho horizontal given by 

tan 8 = J coseo 2a — tan a 

If this resultant thrust is horizontal show that its magmtudo is equal 
to the weight of a hemisphere of the liquid with radius equal to that of 
the baso of tho cono 

ANSWERS 

1 60401b wt 

2 (i) «rV/3, vertically upwards through centre of sphere (u) 0 (in) same 
as (l) (iv) vr*f vertically downwards tnrongh centre of sphere 

3 (i) iti*hp/6 downwards (u) rh*/>/3 horizontally 

<m) rhp {4k* + o*r»)i/6 (iv) tan '(g) 

4 (l) 6 lb wt (n) 7 21 lb wt 

6 (i) 30 grin wt (u) 20 grm wt acting vertically upwards 

7 21 8 oz wt 8 21 8 oz wt 

0 0 03 r'ap, 67° 30 with the horizontal 

10 4 62 kilog , 3 64 kitog 11 0 35 ton wt 

12 tHw {it + 4)/2, nr’io (l + ry/3)/2 

13 Horizontal component = 12 6001b wt vertical component — 6000lb wt 
Resultant thrust >=■ 13 463 lb wt downwards at 21 s 48 to tho horizontal 

14 (i) 05 45 lb wt , (n) 327 25 lb wt 

15 Vertical thrust ** W/2 horizontal thrust » \\/n 

16 32 476 lb wt at 47® 48 with downward vertical 17 6 1 

21 irr*pl yT, nt*p (r + l)j\/2 whore r «= radius of circular cross section 
I = length of cylinder, p = density of water 

22 p= 0/32, 002 I 

25 pr* {27n*h* + 48irrh + 32r*)/I2 where r *=* radius of tho sphere 

26 626 oz wt 
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EQUILIBRIUM OF FLOATING BODIES 

54. Conditions of equilibrium of a body floating freely in a liguid 

The last chapter was concerned with the resultant thrust of a fluid 
on an}* surface and in § 52 we considered the case of a closed surface, 
i.e. an immersed body. We deduced Archimedes’ Principle, which, 
because of its importance, we quote again: — When a solid is partly 
or wholly immersed in a fluid at rest, the resultant thrust of the fluid 
on the solid is equal and opposite to the weight of the fluid displaced 
by the solid and acts vertically upwards through the centre of gravity 
of the displaced fluid. 

Since this was proved true for all fluids, it is equally true for gases 
as for liquids. In this section we deal with the conditions of equilibrium 
of a body floating freely iu a 
liquid and leave the consider- 
ation of gases until Chapter X. 

Let Fig. 97 represent the 
section of a body floating freely 
in a liquid of density p. 

There are only two vertical 
forces acting on the body, these 


(1) The weight of the body 

(W) acting downwards through the centre of gravity (G) of the body; and 

(2) The upthrust or force of buoyancy (U) which is equal in 
magnitude to the weight of the displaced liquid, and acts upwards 
through the centre of buoyancy (B), i.e. the centre of gravity of the 
displaced liquid. 

For equilibrium these two forces must be equal and act in opposite 
directions in the same vertical line, hence, for equilibrium 

(1) W = U; 

(2) B and G are in the same vertical line. 

We now give some examples illustrating this principle. 

Example 1 . — A solid icooden cylinder, 4 ft. long, floats in water 
with its axis vertical and a depth of 3 ft. immersed. Find the specific 
gravity of the wood. 

All we require to do is to equate the weight of the cylinder to the 
weight of water displaced. 
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Thus if Fig 98 represents the cylinder supposing the section of 
the cj linder to be of radius r ft we have 

volume of cylinder — nr 1 4 cub ft 
weight of cylinder = -nr 1 4 s 62 J lb wt (i) 

where s is the specific gravity of the wood 
Also 

volume of water displaced = irr 1 3 cub ft 
weight of displaced water = ttr 1 3 62| lb wt (n) 

Equating (i) and (u) 

m 2 4 62£s = wr* 3 62$ 

, 4s = 3 

i e s = £ 

Thus the specific grauty of the wood is J or in other words it 
weighs f X 624 [it 46|) lb 
per cub ft 


Example 2 — If the specific 
gravity of ice is 0 918 and that 
of sea tvater 1 026 show that of 
the whole volume of an iceberg 
ft will be above water 

Let the iceberg have a vol 
ume of V cub ft of which i 
cub ft are above the surface 
of the sea 

Then weight of iceberg = \ 
(0 918) 624 lb wt 
and the volume of sea water displaced is V — v 
so that weight of sea water displaced = {V — v)(l 026) 624 lb wt 
Since these weights are equal 

(V - r)(l 026) 62$ - V (0 918) G2J 
\ (1 026 - 0 918) = 1 026v 
or 0 108V = 1 026i> 


0109 
V 1026 



i e ft of the whole volume of an iceberg is above water 

Example 3 — What is the volume of a mine which weighs 1 ton and 
just floats completely immersed tn sea-water weighing 64 lb per cub ft r 
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If the volume of the mine is V cub. ft., then the weight of sea-water 
displaced . = 64V lb. wt. 

But the weight of the mine = 2240 lb”, wt. ; 

/. 64V = 2240; 


V: 


2240 

IT 


35 cub. ft. 


E xam ple 4 . — A uniform circular cylinder, of specific gravity 0-9 
■floats upright in salt water ( specific gravity 1*03). Whmi transferred to 
fresh water the cylinder still floats upright hut is immersed an extra 3 in. 
If the area of the cross-section is 1 sq. ft., find the volume of the cylinder. 

{Inter. Sc.) 

Let Figs. 99 and 100 represent the cylinder floating in salt water 
and fresh water respectively. Suppose the length of the cylinder is 



Fig. 90. 


Fig. 100. 



I ft. and that it has x ft. immersed when in salt wmter and consequently, 
from the information given in the question, ( x + i) feet immersed 
when in fresh water. 

The weight of the cylinder is, of course, independent of the liquid 
in which it is floating. 

Thus, volume of cylinder = l cub. ft., 

since the cross-section area is 1 sq. ft.; 

weight of cylinder = l (0-9) w lb. wt (i) 

where w is the weight of 1 cub. ft. of fresh water. (We do not even 
need to know that to = 62-5 lb. wt.) 

When the cylinder is immersed in sea-water, the liquid displaced 
is also a cylinder of 1 sq. ft. cross-section, but its length is x ft. 

Therefore, volume of sea-water displaced = x cub. ft. ; 

.'. weight of sea-water displaced = x (1-03) ir lb. wt (ii) 
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rqunting (t) and (u), since the w light of the ojlihdtr is tqiml to 
tlio weight of the sea water displaced, 

l (0 0 ) v ^ r {1 01 ) v, 

or 1 OTj* *=* 0 0/ (m) 

'1 Ins provides ono iqiiatiou Intweeu t and l, to ol tain a second 
t filiation we must ronmdtr the weight of ficsh watir displaced 
Hi ft rrmg to 1 ig 100, 

volume of frtsh watt r disj Inceil **•(/} |) cuh ft , 
weight of frortli water di»jl teed « (/ | J)(10)«lb wt (iv) 

and tint mint also equal tlio weight of thi ojlmder, ko that, equating 
(i) and (i\ ) t 

f(0 0)« ~(r }- J) (1 0)«, 

or / | 0 25 d 0 Of (\) 

Wo now have two equations, (m) and (\), to determine J 
rrmn(v) xr*0W-02B 

Bill stitutuig for r m (in), 

1 0*1 (0 Of — 0 25) r. 0 0/, 

01) X OOlNf 101 x 021, 

1* 0 51 ft 

’J in refore tlio volume of tin c> limit r is 0 01 enh ft 

Example 5 — A Indian tphere <f external diameter 2a i» i* made 
of tmlennl of thiehten t in uiul of nprcifie grax iti/ t Tie rj herefloatx 
half i/Mwrw f ill liquid of »]*cijic <jrai ihj 1 1 II /’rote that t ■» 0 01a 

[Inter Se ) 

'i ho liquid displaced is a hemisphere of radius « the re foie 
vohlino oflijuid Unplaced J«m s cuh in , 

■ w ught of liquid dwplaeed ►** Jna 1 (1 HI) u 111 wt (i) 
whire ti is the weight of 1 cub in of wntir 

The outir radius of the spherical shell is a and tho inner radius 
Is a — t, mi that 


vohtim of iqd i nenl shill i|trii s — Jir (a — f) s cuh in 

Jirllu*!— Ini* ( I') Clih ill , 


, , wi ight of split runl shell *** Jir (CaV • 

- 8 if* f I s ) in lb wt 

(") 

Equating (i) and (n), 



HI) ip*' i>r(M 

~ la/ 1 J I s ) tie, 


or a 1 (1 HI) *> 8 (V< - 

Tat* d P) 

(m) 
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This is a cubic equation in t, but since we only need to check that 
( = 0-05 a, we may substitute this value of t in the right-hand side of 
(iii) and confirm that its value is l-141a 3 . 


Then right-hand side of (iii) becomes 8 ( 3a 2 . — 3o. 

* Z\j 4U 


2 

20 ' 400 ' 

a 3 (1-2 - 0-06 + 0-001) 


8000 


*) 


= l-141o 3 . 


Thus, t — - 2 - 0 - a is a solution of (iii). 

It should be noticed, however, that we may avoid the awkward 
cubic equation in this case by first of all writing the inner radius of the 
shell as x. Then 


volume of spherical shell = | na 3 — %nx?, 

so that 

weight of spherical shell = f-n- (a 3 — a 3 ) Aw lb. wt., 
in place of (ii) above, and then equating this to (i), 

(1-141) w — -/w (a 3 — z 3 ) w f 
i.e. l-141a 3 = 8n 3 — 8x 3 ; 

/. 8r ! = 6-859a 3 ; 

.'. 2a: = l-9a; 
x — 0-95a, 

and t = a — x = 0-05n. 


Example 6 . — A light conical shell, made of material whose thickness 
can be neglected, has a 'particle of weight W attached to its vertex and 
floats in water with its vertex downwards and a length x of its axis, which 
is vertical, immersed. Liquid of specific gravity s is poured into the 
cone until the level of the liquid and the level of the water are the same. 
Show that the length y of the axis now immersed is given by 

s = 1 — (Inter. Sc.) 

Let Fig. 101 represent the empty cone floating in water and Fig. 102 
when liquid is poured in so that the levels of liquid and water are the 
same. Suppose that the radii of the circular sections of the cone at 
the surface of the water are r x and r 2 respectively in the two cases. 

Then, from Fig. 101, 

volume of water displaced = §nr 3 x; 

.'. weight of water displaced = ^wrfrw, 
where w is the weight per unit volume of the water. 
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Since the conical shell is of negligible weight, the only downward 
force is the weight (W) attached to the vertex, hence 
W = weight of water displaced 

= fwrfxi c . (i) 

From Fig 102, 

volume of water now displaced = %rrr\y, 
weight of water displaced = \nr\yw 
The total downward force has now been increased by the weight 
of the liquid in the cone, te by \irr%ysw, since the specific gravity 
of this liquid is a 

Hence the total downward force now is 
W + \nr\ysw, 




and this equals the new weight of water displaced 

te W 4- Jwfystt = ffrrjyto 00 

Eliminating W from (i) and (»), 

Jrrrfxio -j- %mr%ysw = \rrr\yic 

\t rfx -f r\ys = r\y. 


From similar triangles 


and ( 111 ) becomes 


r 1 - 


TjX 

Ay 


(»a) 


= 1* 
y' 

X* 

~ y* 

= 1 -**/»• 


Example 7 — A piece of t ton ( specific gravity 7 8) is imbedded tn a 
spherical lump of tee (specific gravity 0 918) of radius 1 0 cm ichtch 
floats in \cater t nth l/20fA of its volume above the surface Find 
the volume of the iron 
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If the ice sloivly melts, its shape remaining spherical, find the radius 
of the sphere tohen it sinks. (Liter. Sc.) 

The volume of water displaced = X volume of sphere 

= iff • fw (10) 3 c.cm . ; 

weight of water displaced = .fw (10) 3 grm. wt., 
since 1 c.cm. of water weighs 1 grm. 

If tlw. of tfes. i» is V th® \k\t -f-ciVaSE* t>? itc 5® 

(10) 3 — V c.cm., bo that 

weight of iron = V (7-8) grm. wt., 
and weight of ice = [fw (10) 3 — Y](0-918) grm. wt. 

Since 

weight of iron + weight of ice = weight of water displaced, 
we have 

7-8V + 0-918 [|tt (10) 3 - V] = if.fw (10) 3 , 
from which V = 19-5 c.cm. 

If the sphere sinks when its radius is r cm., then 
weight of water displaced = fw 3 grm. wt., 

weight of iron = 7-8 X 19-5 grm. wt., 
and weight of ice == dwT 3 — 19-5)(0-918) grm. wt. 

We must still have 

weight of iron + weight of ice = weight of water displaced, 
therefore 

7-8 X 19-5 + (| wr 3 - 19-5)(0-918) = f rrfi, 

i.e. | ^r 3 (1 - 0-918) = 7-8 X 19-5 + 0-918 X 19-5, 

giving r = 7-3 cm. 

Example B . — A hollow cylinder of external and internal radii a and b 
is open at the top and the thickness of its base is c. The cylinder floats 
in water with its axis vertical and a depth h immersed. If the cylinder 
develops a small leak show that it will never sink if its height is greater 
than (a 2 h — 6 3 c)/(o 3 b 2 ). ( H.S.C .) 

When the cylinder floats with a depth h of its axis immersed, 
volume of water displaced = rraVi ; 
weight of water displaced = rra-hw, 
where w is the weight per unit volume of water. 

If the material of the cylinder has a specific gravity s and its height 
is H, then 

volume of cylinder = wa 2 H — xb 2 (H — c) 

' = - [Ii (« 2 - b 2 ) + b"c]; 

.'. weight of cylinder = tt [H (a- — b 2 ) + ire] sw. 
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Therefore, when cylinder floats, 

n [II (a* — A*) -f* h*c] sw ~ it a*kw, 


a 2 A 


(i) 


H (a 5 - V 1 ) + h*e 
When the cylinder develops a leak, it will not sink if 
weight of cylinder < upthrust when cylinder is full of water, 

1 e when 

weight of cylinder < weight of water displaced by whole of material 
of cylinder, 

te when 

it [II (a* — • A*) + h*c] aw < it [II (a 1 — h 5 | -f* l l c] w, 
t e when s < 1, 

and from (i) s is le»s than 1 if 

II (o* - A*) + b*c > aVi, 

t r jf 



a*A — A*e 

11 > — i £T 

a* — 6* 


B5 Force of buoyancy 

We have already seen that the force of 
buoyancy is equal in magnitude to the weight 
of the displaced liquid/’ hut this expression 
requires a little more consideration 

Consider Fig 103 It represents a cylinder 
floating in liquid in a cylindrical vessel of onlj 
very slightly larger diameter It is clear, from 
the figure, that the volume of the solid displaced may easily be 
greater than the whole volume of liquid present Hence the " weight 
of displaced liquid” may be greater than the total weight of liquid 
present What must be understood by the term " weight of displaced 
liquid ” is the weight of the liquid which would fill the space occupied 
bj the immersed part of the floating bodj 


Tig 103 


Example—/! cylindrical teasel whose internal diameter ts 6 in 
contains a column of water £ in high, a solid cylinder of wood whose 
diameter is 6| in , height 0 m , and specific gravity J, is loitered into 
the vessel, will it float or touch the bottom of the vessel ? 

The volume of the cylinder of wood 

^ X Ccub in 
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weight of cylinder of wood 

= ~ ( '/) 2 X 6 X -Jro = lGSrrw, 
where w = weight of a cubic incli of water. 

The volume of water in the vessel 

= ir.3 a 4 cub. in. 

= -J-7T cub. in. 

If the cylinder of wood touches the bottom of the vessel, and h 
is the height to which the water rises, wc have, since the volume of 
the water is unaltered, 



Fig. 104. 


weight of water that would then be displaced 

= W¥) 2 -V> 

= 25-37 no. 

This is greater than the weight of the cylinder of wood. 

Hence the cylinder will float. 

56. Conditions of equilibrium of a body floating freely in several 
liquids which do not mix 

Let S (Tig. 104) be any solid floating partly immersed in several differ- 
ent liquids 1, 2, 3, ... bounded by the horizontal planes Aa, Bb, Co. 
Then it is clear, as in the foregoing investigations, that the equilibrium 
will be unaffected by removing the solid S and supposing the space 
AB ba filled with the liquid 1 ; the space BC cb filled with the liquid 
2; the space CDc filled with the liquid 3, and so on. The liquids that 
would fill these spaces are the liquids displaced by the solid, and the 
resultant upward thrust of the liquid on S is the resultant of the 
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weights of the liquids displaced acting i ertically through their respective 
centres of gravity Hence, for equilibrium the freight of the solid must 
be equal to the sum of the freights of the different liquids displaced 

The centre of buoyancy in this case is the centre of gravity of the 
whole sene3 of liquids displaced This point and the centre of gravity 
of the solid most be in the same vertical line 

Exam ple 1 — T Voter being poured on the top of mercury [specific 
gravity 13 6), to find the specific graiUy of a body which foots with one 
third of its volume above water, one third immersed m the water, and the 
remaining third immersed in the mercury 

Here the \oInmes of the water and memm displaced are equal, 
and their densities are as 1 13 6 

Let weight of water displaced = tc 

Then weight of mercury displaced — 13 6 ^ 

Bnt the solid is floating in equilibrium 

the weight of the solid 

= weight of mercury displaced + weight of water displaced 
= 13 6w to = 14 6ic 

\gain one-third of the lolume of the solid is immersed in water; 
volume of solid = 3 i olumes of water displaced , 
weight of an equal volume of water = 3tc 
required specific gravity of solid 

_ weigh t of solid 14 6ig __ 14 6 _ ^ ^ 

weight of equal volume of water 3to 3 

Example 2 — A cone whose specific gravity is 2 575 rests partly 
immersed tn water and partly m mercury To find what fraction (l) of 
its volume, (u) of its ans is immersed tn mercury tahng the arts vertical 
and vertex downwards 

(i) Let V be the volume of the cone, x that of the portion submerged 
in mercury 

Then the weights of the cone, the mercurj displaced, and the 
water displaced, are proportional to 2 575V, 13 6x, V-r 

For equilibrium the former equals the sum of the two latter weights , 

. 23ICT = ttte -VV — x, 

12 6x = 1 575 1 or x = 125V = JV 

Therefore $ of the volume is immersed in mercury 

(u) This portion xs a cone with the same vertical angle as the 
original cone Xow it is known that the volumes of two such cones 
are proportional to the cubes of their heights 

Therefore or 1 of the ans is immersed in mercurv 
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Example 3. — If a cylinder of height li and density p floats just 
immersed, with its axis vertical, in a vessel containing two liquids, of 
densities a-j and o- 2 (<r 2 > cq), which do not mix, find the thickness of 
the upper layer of liquid. 

If Fig. 105 represents the cylinder, then the liquid of density o 1 will 
be the upper liquid. Suppose the thickness of this layer of liquid is x. 

Then we have 

weight of cyliuder = weight of liquid (1) displaced + 

weight of liquid (2) displaced, 

i.C. rrrVip = rrr-xo j -f Trr~ [h — X ) <r 2 , 

where r is the radius of the section of the cylinder; 

lip = x<7 i -f- ho* — xa „ ; 

* (ov> — o-j) = h (a„ — p); 

h (cr„ — p) 

X — , 

(To O’ | 

and this is the thickness of the upper layer of liquid. 


57. Correction for displaced air when 
body floats partly immersed in a 
liquid 

In this chapter we have been 
concerned with the equilibrium of 
bodies floating in liquids, but the 
theory we have considered is true 
of fluids in general. Consequently 
§ 56 is true also for a body floating 
partly immersed in a liquid and partly immersed in a gas. 

Thus, to be strictly accurate, when a body is floating partly 
immersed in a liquid in an open vessel, then it also has part surrounded 
by (or immersed in) air, and so 

weight of body = weight liquid displaced + weight air displaced. 

Because the weight of the air displaced is generally very small 
compared with the other weights involved, it is frequently omitted 
(as in the examples in § 54), but it is important to realise that there is 
a small inaccuracy involved in this. In order to see what difference 
this correction makes in a particular case, we propose to re-work 
Example 1 of § 54, allowing for the weight of the displaced air. 

Example . — A solid wooden cylinder, 4 ft. long, floats in water with 
its axis vertical and a depth of 3 ft. immersed. Find the specific gravity 
of the wood, taking the specific gravity of air to he 0-0013. 

We have 

wt. of cylinder = wt. of water displaced -f wt. of air displaced. 



Fig. 105. 
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Taking s as the specific gravity of the wood and using the u eights of the 
water displaced and the cylinder obtained m Example 1 , § 64, this becomes 
nr* 4 8 62J = ttt* 3 62| + weight of air displaced 
= m* 3 624 + 77T S I (0 0013) 624 
4s = 3 4- 0 0013, 

J = 0 750325 

as distinct from the value a «= 0 75 obtained in the example quoted 

58 Equilibrium of a sub- 
merged body 
If W denotes the weight 
of a submerged body, U the 
upthrust, or force of buoy 
ancy (equal and opposite 
to the weight of the dis 
placed liquid) then clearly 
(i) If \V > U, the body 
vi ill sink until it rests on 
the bottom of the con 
taming vessel If the vessel exerts an upward reaction R on the body, 
then since the body will be in equilibrium (Fig 106), 

R + U = W, 

R =* W — U 

Alternatively, there will be equilibrium if the body is supported 
m a submerged position, by 
a string If the tension in 
the string is T, then for 
equilibrium (Fig 107) 

T + U - W 

T = W — U 
(n) inV = U, the body 
mil rest in any position 
providing it is completely 
submerged (Fig 108) 

(m) If W < U, the body will rise until it floats on the surface in 
such a position that the then decreased upthrust exactly balances W 
Alternatively, equilibrium may be obtained by constraining the 
body to remain completely submerged If ft string be attached to 
the body and to the bottom of the vessel (Fig 109) the tension (T) 
in the string will have to be such that 

T + W=U, T = U — W 
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Example 1. — -A rube, of gold (specific graviti / 19-35), whose edges 
arc 5 cm. t« length, is suspended in mercury with ■ i cm. of each of its 
sides submerged. To find the tension in (he supporting string. 

Volume of culm = 5x5x5 c.cm. = 125 c.cm.; 
weight of cube = 125 X 19-35 grm. = 2118-75 grm. ; 

volume of mercury displaced = 5x5x4 c.cm. = 100 c.cm.; 
weight of mercury displaced = 100 X 13-6= 13G0 grm.; 

.5 required tension of string = 2118-75 — 1300 grm. 

= 105SJ grm. wfc. 

Example 2. — If the tension be reduced to 1 kilog., to find how much 
the cube trill sink. 

Here the culm sinks until the weight of the additional liquid 
displaced equals the decrease of tension, or 58J grm.; 

the additional volume displaced = 58-75 -7- 13-C c.cm. = 4-32 c.cm. 
but the area of the base of the cube = 25 sq. cm.; 

increase in depth of immersion = 4-32 -r 25 cm. = 0-1728 cm. 

= 1-728 mm. 

Example 3. — To find the weight of rt cylindrical cor I; ( specific gravity 
0-24) which requires a weight of 13 grm. to sink half the length of its axis 
in water. 

Let the volume of the cylinder = 2v c.cm. 

Then the volume of the water displaced = v c.cm.; 

/. weight of water displaced = u grm., 
and weight of cylinder = 2c X 0-24 grm. = 0-48u grm.; 
therefore, from the equilibrium of the cylinder, 

0-48y + 13 = i>; 

0-52u = 13 or 0 = 25 c.cm. ; 
weight of cork = 0-48c = 12 grm. 


Example 4 . — A solid sphere of mass M and density p z is fastened 
below the surface of a liquid of density p z (> p L ) by means of a siring 
attached to the lowest q’oint of the sphere and to the bottom of the containing 
vessel. Find the tension in the siring. 

If the liquid slowly drains out of the vessel and p« — 3 p v j>rovc that 
the tension is reduced to a quarter of its previous value when half the 
sphere is above the surface. (Inter. Sc.) 

10 


IXTEn. ItYD. 
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Assuming the mass of the sphere to be M lb and its density p, lb 
per cub ft then if r ft is the radius of the sphere 

\olome of sphere = ^-nr 3 cub ft 
mass of sphere — -jirj^pj lb 
- M lb 
M = Inr'pi 

Hence weight of sphere = 4 wt3 Pi lb wt 

But weight of liqmd displaced = ^nr i p i lb wt 

= Mp 2 
Pi 

If the tension in the string is T lb wt 
then tension in string + weight of sphere = weight of liquid displaced 

T + M= 

Pi 

__ M( P2 - Pl ) 


My fp 2 - Pi) 


poundals 


If p a — 3 p t this becomes 2My poundals 
When half the sphere is above the surface we ha\e 

weight of liquid displaced = 1 — 2 lb wt 
Pi 

and if T lb wt is the new tension 

T +si = 45e 

Pi 

= 5M, Bince p 2 — 3 Pl 
T - JM lb wt 
= ply poundals 

and this is a quarter of its pre\ ious value (2My poundals) 


59 Effect of immersed solids on pressure 

If sobds be lowered into a vessel containing liquid the level of the 
liquid will rise owing to the displacement produced by the solids 
and therefore there will be an increase of pressure all over the surface 
of the i essel 

Since the pressure at any point of a heavy liquid depends only 
on the depth and density it follows that the pressure on the sides 
and bottom of the vessel is the same as if the solids were replaced by 
liquid equal m amount to that which the} displace 
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Example 1. — Consider a bucket containing water and suspended 
by a rope. Now, let any body — say a brick — be lowered into the 
bucket by means of a second rope (Fig. 110). The water will lise in the 
bucket; there will, therefore, be an increase in the pressure all over the 
bucket, and the tension in the first rope will be greater than before, 
since it has to support a greater resultant thrust. 

In this case, the tension in the rope supporting the bucket 
= weight of bucket + weight of water actually contained in it 
+ weight of water displaced by brick. 

Also, we know that 



tension in rope supporting brick 

= weight of brick — weight of water displaced by brick; 
sum of tensions in the two ropes 

= weight of bucket + actual weight of water + weight of brick, 
as evidently should be the 
case, for the two ropes 
together have to support the 
bucket, the water and the 
brick. 

Example 2. — If, instead, 
we place in the bucket a 
body lighter than water — 
say a block of wood — and 
allow it to float (Fig. Ill), 
it will displace a quantity of 
water of weight equal to its 
own weight. As before, we 
have tension in supporting rope 

= weight of bucket ~f weight of water actually contained in it 
+ weight of water displaced by wood 
= weight of bucket + weight of contained water 
+ weight of wood ; 

as evidently should be the case, since the rope has to support the 
bucket, the water and the wood. 



Example 3. — A bucket containing water is suspended by a rope 
which passes over a smooth pulley, and is balanced, by a, weight Wj at 
the other end of the rope. A piece of wood of weight W 2 and specific 
gravity a is then fastened to the bottom of the bucket by a string, so that 
it is completely immersed. Prove that, during the ensuing motion, the 
tension in the string attached to the wood is 

2W 1 W„ (l - ct\ 

2WjJ+ W 2 V a }■ 


(Inter. Sc.) 
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When the piece of wood of weight W 2 13 fastened to the bucket 
ne have a total weight of Wj + W s on this side of the pulley compared 
with the weight W, on the other side of the pulley 

Hence if the bucket moves down with an acceleration / this is 
given by 

J 2W X + W 2 w 

(see Tutorial Dynamics § 123) 

If T lb wt is the tension in the string which attaches the piece of 
wood to the bucket and if V lb wt is the resultant upward thrust exerted 
by the liquid on the piece of wood then the forces acting on the wood are 

(1) 1 and W, acting downwards 

(2) \ acting upwards 

Since this piece of wood also mo\ es downwards with an acceleration 
f (since it is part of the bucket and contents) the equation of motion 
for the piece of wood is 

(T + W, — V)p=Wj/ (n) 

The weight of the piece of wood is W a lb wt and its specific gravity 

W 

is a so that the weight of an equal volume of water is — * lb wt If 

the wood were replaced by this equal volume of water the weight 
of this water together with the upthrust V would give this mass of 
water an acceleration / downwards hence " 

(t*-v> = !v CO 

We require to find T from these three equations Subtract (in) from (h) 


T = 


(l _ \ 

2\V, + / 

2\\jWj n — <r\ 

2W,+\\^ a ) 


60 Equilibrium of bodies floating under constraint 

If a body is floating in a liquid not freely but with one point fixed 
we may easily establish the relation which must exist between the 
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forces and tlie positions of their lines of action in order that the body 
shall be maintained in equilibrium. 

Let Fig. 112 represent the body free to turn about the fixed point 0. 
G is the centre of gravity of the body and H is the centre of gravity 
of the displaced liquid (i.c. the centre of buoyancy). 

Consider the forces acting on the body. There is no resultant 
horizontal force on the body (see § 52). The only forces on the body are 

(1) The weight of the body (W) acting vertically downwards 
through its centre of gravity (G). 

(2) The force of buoyancy (or upthrust), U, acting vertically upwards 
through the centre of buoyancy (H). 

(3) The reaction (R) exerted by the support at the fixed point 0. 



Draw a horizontal line through 0, meeting the lines of action of 
W and U in N and L respectively. Then, for equilibrium, since U 
and W act vertically, so also must R, and the magnitudes of these 
forces must be such that 

R + U = W. 

Also, they must all lie in the same vertical plane and the moment of 
W about 0 must balance the moment of U about 0, i.e. 

' W X ON = U x OL. 

A particular case will be when 0, G, H are all in the same vertical line. 

\/ Example 1 . — A uniform heavy rod a foot long is freely movable 
round a horizontnl axis fixed at one extremity at a height of 2 in. above the 
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surface of the tcaler in tchich the rod partly rests, find the position of 
equilibrium, and if the position is obhque, show that the specific gratify 
of the rod must be less than §£ 

Let AB (Fig 113) represent the rod, A being the fixed end and let 
C be the point where the surface of the water meets the rod If 
AC szid, then BC =12 — x in G is the mid point of the rod and 
13 therefore its centre of gravity since the rod is uniform , 

AG = 6 in 

H is the mid point of BC and 13 the centre of gravity of the displaced 

water , 

CH= i (12 — z) in 

If the cross sectional area of the rod is a sq in , and its specific gravity 
is s , then 

volume of rod = 12fl cub m, 
weight of rod = 12asic lb wt , 



Fig JI3 

where i c — weight m pounds of 1 cub in of water, 

W =» 12arw (*) 

The volume of water displaced is the volume of the immersed part 
of the rod {r e the length BC), 

\olume of water displaced = (12 — x) a cub in , 
weight of wateT displaced = (12 ~ x) aw lb wt , 

U = (12 — z) ate (ii) 

If the rod makes an angle 0 with the horizontal taking moments 
'about A, 

W x A6cosfl=Ux AH cos 6, 

■ft X AG = Ux AH 

but AG = 6 in and AH = i + £ (12 -x) = | (12 +*) in , 


(ui) 
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(iii) becomes GW — A (12 -J- x) U, 

or, substituting for W and U, 

G.12o.«ie — A (12 -f- x)(12 — x) aw, 
i.r. Ml? =l-H-r; 

x 5 — 144 — 1-Ms (iv) 

wYiicVi gives the length of rod not immersed, m term* of the specific 
gravity of the rod. 

For the oblique position of equilibrium, AC must be greater than 
2 in., i.r; x > 2; 

x 5 >4; 

144 — 14ds > -1 from (iv); 

.'. 144s < MO; 


Example 2. — A BCD, ABEF are resjwctivcly horizontal anil vertical 
faces of a uniform rectangular bloc!: of xrood of weight W floating in iratcr, 
AB being an upper horizontal algc. H'/icn a rope, is fastened to the mid- 
point of AB and pulled vertically upwards until CD is in the surface 
of the water it is found that EF is also in the surface. Prove that the 
specific gravity of the wood is 2 and find the tension in the rope. 

(Inter. Sc.) 



rig. in. 


Let Fig. 114 represent the vertical section through the mid-point 
of the horizontal edges of the block of wood when both CD and EF 
arc in the surface, t'.c. A', O', E' are the mid-points of AB, CD, EF 
respectively. G is the centre of gravity of the block of wood and is 
therefore at the point of intersection of the diagonals of this middle 



152 


EQUILIBRIUM OF FLOWING BODIES 


section H is the centre of buoyancy Its position is determined by 
the fact that the water displaced is m the shape of a triangular prism 
H is the centre of gravity of this prism and is such that 
GH =sj X the semi diagonal 

= *a a 

AH=x*AG (i) 

If T is the tension in. the rope attached to A and U the force of 
buojancj, then 

T + U = IV (n) 

and taking moments about A , 

WxAGcosff=Ux A'H cos 0 (m) 


where 6 is the angle made by A G with the horizontal 

The weight of half the block of wood is |VV, therefore the weight 

I W 

of water displaced by the immersed half of the block is ^ •— where 
a is the specific gravity of the wood t e 


U = 


W 

2(7 


(iv) 


Substituting the value of A'H from (i) in (in) and cancelling cos 0, 

Wx AO=Ux |AG, 

4 W , 

- from <n) 

Gcr = 4 

« = •! (v) 

and from (n) 

T = W - U 
W 

— W — from (iv) 

2a 

lir 3W . . . 

= \V — from (v) 

= }\V 


Example 3 —A thin uniform rod AB of length a and specific grauly 
*i (< 1) suspended by a siring attached to A When the end B is 
immersed m water a length b of the rod remains out of the water, and 
when immersed tn a liquid of specific gravity St a length c of the rod is 
out of the liquid, proic that 

(7 „krS C \ 
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Consider Fig. 115. C is the point of intersection of the rod with 
the surface of the water so that AC — b. G is the centre of gravity of 
the rod, i.c. AG — la. II is the centre of buoyancy, so that 

CII s= 4BC = I (« — 6); 

All — fj 4- A (a - b) 

— -I (n b). 

If the weight of water displaced by unit length of the rod is te, 
the weight of the rod = as x tr, 
and force of buoyancy = (a — b) tr. 

Taking moments about A, 

os, ir x AG cos 0 — {a — b) te X All cos 0, 
where 0 is the angle made by rod with the horizontal; 



Fig. 115. 

an, X AG — (n — b) x AH, 
os, . la — (a — b).l (o -f- 6) ; 
s,o 5 — n : — lr\ 
a'- - b- 
'* ~ o= 

Let Fig. 110 represent the rod when immersed in a liquid of specific 
gravity ««. Suppose the rod now makes an angle </> with the horizontal 
and C' is the point of intersection of the rod with the surface of the 
liquid. If IF is the new centre of buoyancy, C'lP = 1BC' = 1 (a — c) 
so that 

AH' = c + ?. (o — c) = l (a -f c). 

As before, AG — la and the weight of the rod is a .?,«’• Tlie length 
of rod immersed is a — c, so that the weight of liquid displaced is 
(o — c) s,?p and this is the force of buoyancy. 




Fig lie 


Exercises VIII 

(1) A thin uniform wooden rod, 1 ft in length, floats vertically in water with 
2 in above the surface Find the specific gravity of the wood 

(2) A bnov weighs 24 lb JVhat is its volume if it floats with three-quarters 
of its volume immersed in sea water weighing M lb per cub ft 

(3) Prove that the buovancy of a life-buoy made of eort of specific gravity t, 

weighing ip lb., is *p — 1^ lb. wt 

(4) A ship passes from sea water (sp gr 1-024) to fresh water Dors it rise 
or sint deeper into the water* 

By how much does the water line shift if the ship weighs Yf ton and 
the area of the water hn^section (assumed constant over the range of 
variation) is A. “ .ft. (7* " **ht of 1 cub ft of fresh water is 62 5 lb ) 

j -wire than six inches for a ship weighing 

$ 1== ° jt <= i section must have an area greater 
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(5) A block of wood (specific gravity 0'75), whoso volumo is 250 c.cm., is 
totally immersed in a liquid of specific gravity 1-25 by means of a string 
attached to tho bottom of tho vessel containing tho liquid. Find the 
tension of the string. 

(0) A vessel containing water is placed in ono sealo of a balanco and counter- 
balanced by weights. A person dips his hand in without touching the 
sides of the vessel. Will the equilibrium bo disturbed ? Give your 
reasons. 

(7) A cylinder of uniform cross-section is made up of a length L of a substance 
of specific gravity D and a length l of anothor substance of specific gravity 
i ! ; it floats vertically in water. Determine how much of it is submerged. 

(8) A cylinder of wood, 2 ft. long and of weight W, floats with its axis vertical 
in a fluid of three times its own specific gravity. Wlmt forces must be 
applied to the cylinder to keep it (n) 2 in. above, and (5) 2 in. below tho 
equilibrium position I 

(9) A solid cylinder of specific gravity' 0-7 floats with its axis vertical in a 
vessel containing two liquids whoso specific gravities are 0 0 and 0-9, the 
cylinder being completely submerged. How much of its axis is in tho 
upper fluid 1 

(10) A uniform rod rests half immersed in water in an oblique position and 
can rotate in a vertical plane about a point distant ono-sixtli of its length 
from the end below the water. Find tho specific gravity' of the rod. 

(11) A block of wood, whoso weight is 03 lb. and whoso specific gravity is 0 0, 
is in a poml. If a ball of lead, whoso specific gravity is 11-5, is attached 
to the block by a string, find the least weight which tho ball can have 
so ns to keep the block quito under water. 

(12) A cube of wood floating in water supports a weight of 480 oz. On the 
weight being removed, it rises 1 in. Find the Bizo of tho cube. 

(13) A Tight cone, whoso weight is W, floats in a liquid, vertex downwards, 
with one-third of its axis immersed. What additional weight must be 
placed on tho base of tho cono so as just to sink it entirely in the liquid ? 

(14) A thin uniform rod of weight W floats in water in an inclined position 
with one-eighth of its length out of the water when a weight P of negligible 
volume is attached to the lower end. Show that 7P = W. 

(15) A cylinder of wood floats in water with its axis vertical and having three- 
fourths of its length iramorsed. Oil whoso weight is half that of water 
is then poured into tho vessel to a sufficient depth to cover tho wood. 
How much of the cylinder will now bo immersed in waiter ? 

(1C) A body of specific gravity s is completely immersed in liquid of specific 
gravity' p. Show that its acceleration downwards is ^1 — j 'j g. 

(17) A solid cono of height h and density p floats, with its vertox upwards, in 
a liquid of density a (> p). How much of its axis is abovo tho surfaco 
of tho liquid 1 
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(18) A right pnsm of triangular cross section AOB, made from uniform 
material, floats in water mth the edge through 0 in the surface and the 
face containing OB out of the -water pro-re that the face containing 
AB will be vertical 

If OA = 4 cm , AB = 5 cm , and the angle AOB is a right angle, 
find the specific gravity of the material of the pnsm (H S C , I ) 

(19) A cube whose specific gravity is 0 8 rests m a rectangular tank ruth a 
square bottom An edge of the cube is 15 m , and a side of the square 
is 16 m Just enough water is poured in to float the cube Compare 
the volume of water with that of the cube 

(20) A uniform thin rod AB is free to turn about A which is fixed at a height 

}AB above the surface of water into which the rod dips If the rod is 
made of -wood of specific gravity 0 36, find what fraction of the rod will 
bo under water in tho oblique position of equilibrium (H S C , I ) 

(21) A solid homogeneous cone floats with its axis vertical and vertex uppermost 
in a liquid whose density is to that of the cone as J25 to 61, how much 
of the axis is immersed ? 

(22) A solid is held completely immersed in a cylmdncal vessel containing 

water by means of a stnng whose tension is T attached to the base of the 
vessel, the axis of which is vertical The stnng is cut, and the solid 
comes to rest floating in the water Prove that the surface of tho water 
falb a distance T/vr'ic, where r is the radius of the vessel, and m tho 
weight of unit volume of water (Inter Sc ) 

(23) A ship passing from the sea into fresh water sinks «i inches and then on 
discharging P ton of cargo naos n inches Assuming the sides of the 
ship to bo vertical near the water line, and that the specific gravity of 
sea water is 1 026 prove that the weight of the ship and cargo was 
originally 513mP/(13a) 

(24) A mass composed partly of solid copper (sp gr 8 8) and partly of solid 
lead (sp gr 114), floats with two thirds of its bulk immersed in mercury 
(sp gr 13 6), and the remaining one third in water Compare the 
volumes and weights of the copper and lead in the mass 

(25) A thin rod of density p has a small piece of metal of weight * th that of 
the rod attached to one end Prove that the rod will float at any 
inclination in a liquid of density a if * = ( 1 4- 

(26) AB is a uniform rod floating in water, and its specific gravity is 0 5, 
a stnng is fastened to the end A, by which A is lifted to a height above 
the surface of the water equal to a quarter of the length of the rod Find 
the position in which the rod comes to rest 

(27) A solid body is suspended by a thread, and submerged successively m 
three liquids The tension of the thread diminishes in the change from 
the second to the third liquid by just as much as it diminishes from tho 
first to the second Find the relation between the specific gravities of 
the liquids 
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(28) A flexible cord passes over a pulley which is fixed above tho surface of 
voter. One end of the cord is held in tho hand and tho other is attached 
to one end of a uniform wooden polo of length 2 a and sp. gr. a, resting 
partly immersed. Show that, however tho cord is pulled, tho length of 
tho immersed part of the polo remains constant until a cortain position 
is reached. 


(20) A body floating in a liquid has volumes V 
the air density is a t , a,, o a respectively. 

Cj — <7 a , Oj — <Tj o, — 

“vr + ~vr + 


i* ^ s> above tho surfaco when 
Provo tlint 


- s = 0. (H.S.C., I.) 


(30) A slab whoso density is « floats wholly immersed in a vessol containing 
liquids of density j, and s 3 . If t lies between s, and s„, find in what ratio 
tho thickness of tho slab is divided by tho surface of separation. If A 
is tho thickness of tho slab, and d tho depth of tho upper fluid, what 
condition must be fulfilled in order that tho slab may float partially 
immersed. 


(31) A buoy, in tho form of a right circular cone, tho vertex of which is fastenod 
to tho bottom of tho sea by a chain, floats nt low tide with tho chain slack, 
the axis of tho eonc being vortical and two-thirds of it immersed. If tho 
diameter of tho baso is 0 ft. and tho height 12 ft., calculato tho weight of 
tho buoy assuming that tho weight of tho water is 04 lb. per oub. ft. 
and that tho weight of tho chain is negligible. 

Calculato also tho pull on the chain at high tide when tho buoy is 
completely immersed. (Inter. Eng.) 

(32) A solid hemisphere of wood, whose specific gravity is 5, has a solid right 
cone of the same wood constructed on its baso, the bases being wholly 
coincident. If r is tho radius of tho hemisphere, and 2 r tho height of 
tho cone, and tho compound body floats in water with tho axis of the 
cone vertical, will tho hemispherical surfaco bo wholly, or only partially, 
submerged ? Calculate tho position. 

(33) A uniform straight rod of small cross-section, length a, weight W, mado 
of material of specific gravity a (<1), is freely hinged to tho bottom of 
a vessel, of depth greater thnn a, sd that it can turn freely in a vertical 
plane. Initially tho rod rests horizontally on tho bottom and water is 
slowly poured in. Investigate tho oliango of length of rod immersed 
and of tho reaction at tho hingo as tho dopth of wator increases, illustrating 
your results graphically. 

If, when tho rod is inclined at an acuto anglo to tho horizontal, a second 
thin uniform rod, of material of specifio gravity A, is similarly freely 
hinged to tho bottom of tho vessel and is in equilibrium inclined at tho 
same anglo to tho horizontal, find tho length of tho second rod. 

(H.S.C., III.) 

(34) Draw a semicircular aro ACB, of which C is tho middlo point, and let it 
roprosont a weightless hemispherical bowl; a particlo is fixed at C, and 
an equally heavy particlo is fixed to A; whon tho bowl is floated in wator 
it is found that A just comes to tho surfaco of tho water; if now tho 
particlo is removed from A and put into tho bowl, find tho height of 
AB above tho surfaco of tho water. 
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(35) A bucket half full of water is suspended by a string -which passes over 
a smooth pulley small enough to let the other end fall into the bucket 
To this end is tied a ball whose sp gr is greater than 2 Show that, 
for equilibrium, if the ball does not touch the bottom of iho bucket and 
if no water overflows, the weight of the ball equals aW/(g — 2) wbero 
AY is the weight of the bucket and water 


(36) A solid cone is floating in water with its axis vertical and vertex downwards 
To cause it to sink until } of »ta axis is immersed requires a load of 60 grrn 
on its base, and to cause £ of the axis to bo immersed requires a load 
of 90 gnn Show that the specific gravity of the body is very nearly 0 324 


(37) A uniform rod of length J and specific gravity p is free to turn about ono 
end which is at a distance A (<{) above the surface of separation of two 
liquids which do not mix, whose spoeific gravities are <r, and a, (o,<o,) 
The rod rests in equilibrium at an inclination B to the vertical with its 
free end in the lower liquid Show that 


cos* 0 •= 


A* (g, — <r,) 
l* (*« - P) 


and that a l < p < o t 


(H S C , III ) 


(38) Show that the upthrust on a solid in a liquid, the solid and liquid moving 
together with a common acceleration / vertically downward, is 



where YY is the weight of the liquid which would occupy the space 
filled by the solid 

A bucket containing water is suspended at one end of a light inexteii 
Bible string passmg over a fixed smooth pulley and ism equilibrium with a 
counterpoise of mass U at the other end of the string A solid of mass m 
and specific gravity o (< 1) is then attached inside to tho bottom of the 
bucket by a string which keeps the solid completely immersed YVhen 
the system is released, show that the ratio of tho tensions in tho two 
strings is (M + m) ajm (1 •— a) (H 8 C , III ) 


(39) A uniform cone ofgnen weight floats in a liquid with its vertex downwards 
Prove that the surface of the cone in contact with the liquid is least when 
its semi vertical angle is tan -1 (1/V2) 

{4fl\ A umfnoa. cylindrical body of hnwuiu.ta.1 cross, sectional area »»A floats 
with its axis vertical, partly immersed in liquid of density p contained in 
a cylindrical vessel of horizontal cross sectional area vA (n > m) A 
volumo p af a lighter liquid of density p' is gently poured into tho 
vessel and the liquids do not mix Tho body continues to float partly 
immersed in both liquids, prove that tho height through which the body 


nses in the vessel 



ANSWERS 


159 


ANSWERS 

I. £. 2. $ cub. ft. 4. Sinks, 0-84 M/A ft. 5. 125 grm. wt. 

6. Yes. The scato pan having the vessel will go down, for the lovel of llio 
water is raised, and consequently tlio pressure on tko baso is increased. 

7. Id + LD. 8. (a) jW; (i) }W. 9. J. 10. {. 

II. 40 lb. wt. 12. Sido is 2S-8 in. 13. SOW. 15. J volume. 

17. h (l - 18. *$. 19. 011 : 1. 20. $. 

21. 1. 24. Volumes 10 : 3; weights 440 : 171. 

2G. At angle sin' 1 {l/(2\/2)J with horizontal. 

27. — 2*. + r, = 0. 30. (s. — s) : (s — «,); d •£ h (s. — «)/(#, — s,). 

31. 1536a lb. wt., 3048a lb. wt. 

32. Wholly. The common baso will bo at a depth 2r (1 — yVj). 

33. Length = a (o/ A)*. 34. ly/2 times tho radius. 



CHAPTER IX 

THE PRACTICAL DETERMINATION OF SPECIFIC GRAVITY 
61 Introduction 

In this chapter we propose to consider various practical methods 
of determining the specific gravity of solids and liquids The problem 
is of importance commercially, since the specific gravity of a liquid 
is frequently taken as a measure of its purity Again when a liquid 
is diluted with water, the degree of dilution is ascertainable from the 
specific gravity of the mixture 

If we require to find the specific gravity (s) of a solid whose volume 
(V cub ft ) may be calculated by simple mensuration, this may be 
obtained directly, if the weight (W lb wt ) is found, since 
W = Ysic, 

where t o = weight of 1 cub ft of the standard substance (water), 
te w = 62 3 lb wt 

When the specific gravity is not directly obtainable we shall use 
one of the following methods — 

(i) The Specific Gravity bottle, 

(u) The Hydrostatic Balance, 

(in) Hydrometers, or 
(lv) The U tube 

We shall consider each of these in order, but before doing so, we 
give a list of tbe principal specific gravities 


Liquids 


Acid (Hydrochloric) 

1 19 

Olive Oil 

0 92 

„ (Nitric) 

I 27 

Petrol 

0 70 

„ (Sulphuric) 

1 84 

Turpentine 

088 

Alcohol 

0 83 

Water (Pure) 

100 

Glycerine 

126 

„ is**) 

103 

Milk 

1 03 




Solids 


Asbestos 

300 

Porcelain 

214 

Copper sulphate crystals 

238 

Quartz crystals 

2 65 

Diamond 

350 

Salt (common) 

I 92 

Glass 

2 50-3 50 

Sugar 

1 60 
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Solids (continued) 


Granite 

... 2-64 

Ice 

... 0-92 

Marble 

... 2-70 

Metals : 


Aluminium ... 

... 2-65 

Antimony 

... 6-70 

Bismuth 

... 9-80 

Brass 

... 8-40 

Copper 

... 8-88 

Gold 

... 19-26 

Iron 

... 7-80 

Lead 

... 11-35 

Mercury 

... 13-59 

Platinum 

... 21-10 

Silver 

... 10-70 

Tin 

... 7-29 

Zinc 

... 7-20 


Wood: 


Alder 

... 0-54 

Ash 

... 0-75 

Beech 

... 0-85 

Box 

... 1-04 

Cedar 

... 0-52 

Cherry 

... 0-79 

Cork 

... 0-24 

Ebony 

... 1-33 

Elm 

... 0-57 

Mahogany... 

... 0-90 . 

Oak 

... 0-70-0-95 

Pine 

... 0-53 

Poplar 

... 0-38 

Willow 

... 0-59 


62. Specific gravity bottle 

The specific gravity bottle is much used for finding the specific 
gravities of solids and liquids. It is constructed for the purpose of 
weighing exactly equal volumes of different liquids, and it consists of 
a glass flask having a tightly fitting stopper through which a very fine 
hole ( ab ) is bored (Fig. 117). In using the bottle, it is completely filled 
with the liquid to be weighed, and the stop- 
per is then pushed in till it reaches a certain 
mark (P) on the neck of the bottle. The 
superfluous liquid overflows through the 
hole ab, and is wiped off; so the bottle, 
when filled in this way, always contains the 
same volume of liquid. 

To obviate the necessity of allowing 
for the weight of the bottle in every obser- 
vation, a counterpoise is provided, whose 
weight is exactly equal to that of the bottle. 

This counterpoise is usually a little metal 
case containing small shot, and its weight is adjustable by adding 
or subtracting shot. 

When the bottle, filled with liquid, is placed in one of the scale-pans 
of a balance, the counterpoise is placed in the other pan in addition 
to the weights used in weighing. Since the counterpoise balances 
the weight of the bottle, the additional weights give the weight of the 
contained liquid alone. 


a 



ister. mm. 


a 
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(a) To find the specific graiity of a gnen liquid 
The procedure is as follows — 

(i) Adjust the weight of the counterpoise (if nccessarj) until it 
balances the bottle when empty 

(u) Fill the bottle with water, carefullj insert the stopper and 
weigh, placing the counterpoise in the scale pan containing the weights 
(w) Fill the bottle with the liquid whose specific gravity is required, 
carefullj insert the stopper, and again weigh, as before 

The second process gives the weight of the water contained in the 
bottle The third process gives the weight of an equal volume of the 
given liquid Dividing the latter by the former, the specific gravity 
of the liquid is found 

If no counterpoise is available let v grm be the weight of the 
empty bottle Then if it weighs W grm and W grm when filled with 
water and the given liquid respectively, we have 

weight of water m bottle = — tr, 

weight of equal v olume of liquid = \V' — v> 

specific gravity of liquid = ^ ^ 

Exa mple — A flask tcetghs 7 2 grm tchen empty 53 45 grm i chen 
filled wth sulphuric and and 32 2 grm when filled teith t cater To 
find the specific gravity of sulphuric acid 

Weight of sulphuric acid = 53 45 — 7 2 grm = 46 2ogrm , 
weight of equal v olume of water = 32 2 — 7 2 grm = 25 0 grm , 
specific gravity of sulphuric acid = 46 25 — 25 = I 85 

(fc) To find the specific gratify of a solid insoluble m icater 

If a sobd can be broken up into small enough pieces to go into a 
specific gravity bottle, then we may find its specific gravitj as follows — 
(l) Weigh the solid (u> grm ) 

(u) Fill the specific gravity bottle with water, and place it together 
with the solid m one of the scale pans of a balance and weigh Let 
this weight, t e the weight of the bottle full of water -j- the weight of 
the sobd, be Wj grm 

(m) Take the sobd and insert it in the bottle A quantity of water 
will overflow whose \ olume is equal to that of the solid and the volume 
of water in the bottle will be less than before by the v olume of the solid 
If, therefore, the bottle containing the solid and water be again weighed 
(W* grm ) their total weight will be less than before by the weight of 
the displaced water, t e 

weight of water equal in volume to that of the solid = W, — 
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But specific gravity of solid = 


weight of solid 

weight of equal volume of water 


w 

~ W x - W 2 ' 

Suitable solids which may be used for this experiment are sand, 
copper filings, pieces of marble, iron, lead, zinc or brass, or quartz 
crystals. 

Example 1 . — The weight of a solid is 13 grin. When the specific 
gravity bottle is filled with water , its weight, together with that of the solid, 
is 63 grm. When the solid is put into the bottle, the combined weight 
is 53 grm. To find, the specific gravity of the solid. 

After the solid is dropped into the bottle, the volume of water in 
the bottle is less than it was before by an amount equal to the volume 
of the solid. 

Hence the difference of weights, 63 — 53 or 10 grm., equals the 
weight of a quantity of water equal in volume to the solid. 

But the weight of the solid is 13 grm.; 

.'. specific gravity of solid = xo — 1‘3. 


Example 2. — The weight of a quantity of powder ( insoluble in water ) 
is p. The iveight of a specific gravity bottle filled with water is A, and 
when the bottle contains the poioder and is filled with water its total weight 
is B. To find the specific gravity of the ponder. 

Let w be the weight of water whose volume is equal to that of the 
powder. 

Then, before the powder is placed in the bottle, the total weight of 
the powder, bottle, and water — p + A. 

When the powder is placed in the flask it displaces a quantity of 
water equal in volume to the powder, whose weight is w. 

Therefore the total weight B is less than before by w, that is, 

B = p + A — w; 
w — p -f- A — B ; 
weight of powder p 

S P- 8 r - 0 P°" cr weight of water displaced p + A — B 

Hence, if p, A, and B are known, the specific gravity can be found. 
Notice that it is not necessary to know the weight of the specific 
gravity bottle itself. 


(c) To find the specific gravity of a solid soluble in water. 

We may use the specific gravity bottle to find the specific gravity 
of a solid which is soluble in water, provided that we can find a liquid 
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m Wluch the solid is insoluble The speofic grant} of this hqtud 
most be known or found as to. (a) , let this specific gravity be * If -we 
now carp- through procedure (b) using the liquid tefiicA the solid 
w iniwuWe m place of i rater, we have the three weighings if, W, and W. 
as before Then Wj — W, u now the weight of the liquid equal in 
volume to that of the solid , 

. wt of an equal volume of voter = ^ ^ 

s 


specific grant}- of solid = 


wt of solid 

wt of equal a olume of water 


!/* 

I wr~ w t y* 


ics 


*i-w. 

Sugar is insoluble m turpentine and so its specific gravity may be 
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obtained by this method 

63. The hydrostatic 
balance 

When a common 
balance is adapted for 
weighing bodies sns 
pended in fluid, it is 
called a Hydrostatic 
Balance (Fig 118) The 
onlv difference between 
a hvdrostatic balance 


and an ordinary pair of scales 13 that one of the scale pans in the 
former is at a sufficient height to allow a vessel of flnid to be placed 
under it, and has a hook on its under sid* from which any small solid 
may be suspended by means of a fine wire, and wemhed when immersed 
in the fluid. 


(a) To find the specific gravity of a solid irfnch icxtuld sink in i cater 
(i e specific gravity >1) 

The Hvdrostatic Balance may here be used as follow* — 

(i) Place the solid in the scale-pan and weigh (W) 

(it) Let the solid now be suspended in water by a ven fine thread 
attached to the scale-pan of the balance (Fig 119) and weigh again (P) 
From Archimedes’ Principle, the difference of the observed weights 
m air and water, i e W — P, 13 the weight of a quantity of water equal 
in volume to the solid Thus, W — P = weight of water displaced 
by solid 
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Therefore, 

... , weight of solid 

specific gravity of solid = — — — — — — ■ — - — - — = 

weight of water displaced 

W 

~ W - P' 


specific gravity of solid = 
JS-1A 

j u — 1 J. 


Example 1. — A solid weighs 15 grm. in air and 5 grm. in water; 
to find its specific gravity. 

The weight in water is less | 

than in air by the weight of 
the water displaced; 

weight of water displaced 
= 15 — 5 — 10 grm. 

Also weight ofsolid= logrm.; 




Fig. 110. 


Example 2. — A piece of gold weighs 59S-3 grm. in air, and 567-3 grm. 
in water; to find its volume and specific gravity. 

Weight of water displaced = 59S-3 — 567-3 grm. = 31 grm.; 
volume of gold = 31 c.crn., 

and specific gravity of gold = 59S-2 -y 31 = 19-3. 

{?») To find the specific gravity 
of a solid which would float 
in water (i.e. specific gravity 

<D. 

If the solid were suspended 
by itself, it would float in water, 
and we could not find the 
weight of a quantity of water 
equal in volume to the whole 
solid. To remedy this, a heavy 
piece of metal, called a sinker, is attached to the thread which supports 
the bodj- to be weighed, and this keeps the body under water. 

The operations are best performed in the following manner : — 

(i) Weigh the solid in air. 

(ii) Suspend the solid and sinker together from the scale-pan of 
the balance, and weigh them in water (Fig. 120). 

(iii) Weigh the sinker in water. 
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The weight in water of the solid and sinter combined is lesa than 
the weight in water of the sinter alone by tie amount of tie total 
resnltant upward force on the solid. Thi> force 13 tie excess of tie 
weight of water displaced br the solid over the weight of tie solid 
itself. This being known and the weight of the «oi.d being also known 
from the fir'd observation, the we^rht of the water displaced is found 
and the specific gravity of the solid can be found, before. 


Example — -A tdUd vnght 16 grm in air ITZen attached to a 
tinier and immersed in teeter, the Zi.ro together iroy 1 , 6 grm The neigh 
of the tinier in trater alone u 10 grm To find th.e tpeeific gra-ity cf 
the solid 


Here the weight of the solid and sinker in wa*er together 
= (weight of linker in water) (weight of solid in air) 

— (weight of water displaced bv solid) 
= 6 gnn 

Bnt weight of sinker in water = 10 gnn. 

and weight of solid in air = 16 gnn. 

, weight of water displaced bv *obd = 16 -r 10 — 6 grm. 

= 20 grm. 

. , , , weight of solid 

sp ^c gr.nty of -ol>d = 


- H - <w 


klgebraicallv, we mav represent the result as follows — 

Let W = weight of sobd in air, 

B = weight of «ohd and anle- in wale* together 
and A = weight of sinker m water 

Since weight of solid and sinker in water together 

— (weight of sinker in water) — (weight of solid in am) 

— (weight of wate- displaced bv «obd), 
B = \ — YT — (weight of water d>_ placed by «obd) 
weight of water displaced bv sobd = A — W — B 

. . . weight of sobd 

Bol pavrtv of = ,„„ tt of d. pUcod 

B — \ — B 

(c) To find the specific gravity of a given h/pi\3 

This mav be found bv me ans of the Hvdro'tati'* Balance as 
follows — -Take anv «obd body of greater specific giavi'v than e tier 
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the liquid or water (the sinker used in the experiments of the last 
section is convenient) and 


(i) weigh the solid in air (W), 

(ii) weigh it in the given liquid whose specific gravity is required. 
Let this weight be Q, and 


(iii) weigh it in water (P). 

The difference between the weights in air and in the given liquid 
(i.e. W — Q) is the weight of the liquid displaced by the solid. The 
difference between the weights in air and in water (i.e. W — P) is the 
weight of water displaced. Since the volumes displaced in both 
cases are equal, the ratio of their weights is the specific gravity of the 
liquid, i.e. 

. ... . . weight of liquid 

specific gravity of liquid = — — r - — ; 7 — 

r o j -x weight of equal volume of water 

W - Q 


W- P‘ 


Example. — To find the specific gravities of glass and glycerine, from 
the following data : — 

Weight of a piece of glass in air = 10 grm. 

„ „ „ water = 6 grm. 

„ „ „ glycerine = 5 grm. 

Here weight of water displaced by glass = 10 — 6 = 4 grm., 

„ glycerine „ „ = 10 — 5 = 5 grm., 

and weight of glass = 10 grm.; 

weight of glycerine displaced 

. . specific gravity o gj cerine weight of water displaced 

= f = 1-25; 

and specific gravity of glass = = 2-5. 

(d) To find the specific gravity of a solid which is soluble in water. 

In Articles (a) and (6) of this section we assumed that the solid 
was insoluble in water. If, however, we require to use the Hydrostatic 
Balance to find the specific gravity of a solid which is soluble in water, 
we must first find a liquid of known specific gravity (s) in which it is 
insoluble and then proceed as follows: — 

(i) weigh the solid in air (W), 

(ii) weigh the solid in the liquid (Q). 
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Then the apparent loss of wetght m the liquid, is equal to the weight 
of the liquid displaced bj the solid 
Thus, 


weight of liquid displaced by solid = IV - 
.* weight of equal volume of water = (VT - 

specific grav it) of solid — 


Q, 

Q)/«, 

weight of solid 


weight of equal volume of water 


~ (W ~ Q)/s 

W 3 

"W-Q 


Example — To find the specific gravity of a substance soluble in renter, 
but not \n turpentine, from the folloinng data — 

11 eight of solid in air = 32 grm 
„ turpentine = 3 grm 

specific grauty of turpentine = 0 87 
The weight of turpentme displaced = 32 — 3 = 29 grm 
But weight of turpentine = 0 87 (weight of equal \oIume of water), 

. . , , , , . 20 29 X 100 100 

. weight of equal volume of water = -r—- = — = -r- grm , 

O o7 o7 o 

specific grav ity of solid = = 0 9G 

The above method ma) also be used to find the specific gravity 
of a solid which is hghter than water by weighing it in a liquid of still 
smaller specific gravity, thus dispensing with the use of a sinker 

64 Correction for displaced air when weighing 

In finding specific gravities of solids, we supposed their weights 
found by weighing them tu air with a common balance If great 
accuracj is required, it will be necessary either to weigh the bodies 
in tvicwo or to allow for the fact that the bodies, as well as the set of 
weights employed, all displace more or less air, and therefore the 
apparent weight of a body in air is less than its true weight by the 
weight of this displaced air But the density of air is very small 
compared with that of most solids and liquids, being 0 0013 of that of 
water Hence the weight of the displaced air is in most cases so small 
a fraction of the weight of the bod) that no serious error is introduced 
by neglecting it altogether (see § 57) 

It is easj, however, to make allowance for the displaced air, if 
necessary For when a body is placed m one pan of a pair of scales, 
and balanced by weights in the other, the apparent weights or resultant 
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forces tending to draw the body and weights towards t he ground are 
equal. Hence 

true weight of body — weight of air displaced by body 

— weight of weights — weight of air displaced by weights. . . (i) 
Let W be the true weight of the body and d its density and suppose 
that its apparent weight by the balance (i.r. the sum of the “ weights ”) 
is W 0 , ami that the metal comprising these weights is of density rf 0 . 
Then if p is the density of the air, we have 

volume of bodv = — ; 

tl 

AV 

weight of air displaced by body — -- ,p. 


Again. 


volume of “ weights ” ■ 


W 0 . 

V 

\y 

weight of air displaced by weights = ~.-.p; 




/. liquation (i) becomes 

•• w_w.(i-£)/(i-|). 

Thus the true weight (W) is found by multiplying the apparent weight 

(W 0 ) by 



Example . — A piece of cor!: (sjtecific gravity 0*21) apparently weighs 
h lb. when weighed by means of brass weights (specific gravity brass — 8-4). 
Find the true weight of the piece of cork if the specific gravity of air is 
00013. 

From the above 


W = W 0 



0-0013 X G24 \ // 0-0013 X G24\ 

8-4 X 62J ~ \ 0-24 x 02 1 j 


= 0-502G5 lb. on simplification. 
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65 Hydrometers 

A Ly drometer is an instrument for finding the specific gravity of 
liquids It is floated in. the liquid and the principle on which it works 
is that the weight of a floating body is equal to the tv eight of liquid 
which it displaces There are two principal types of hydrometer — 
(») The common hydrometer, which determines the specific gnu ity 
of the liquid in which it is placed by the depth to which it sinks, the 
weight of the hydrometer being constant, and 

(u) Nicholson’s hydrometer, which has a scale pan attached and 
weights are placed in this until a definite volume of the hydrometer 
is immersed 

\\ e proceed to consider these two hydrometers m more detail 
(o) 77 e common hydrometer 

This hydrometer consists of a glass tube or stem blown out into 
two bulbs (Fig 121) The stem and the 
A upper bulb are filled with air, the lower bulb 

being filled with mercury so that w hen the 
iij drometer is m the liquid it floats upright 
S with the whole of the bulb and part of 

p the stem immersed The stem is gradu 

ated the marks at different levels giving 
the specific grav lties of the liquids in which 
B the hydrometer would sink to these levels 

Let the 6tem AB, supposed uniform, be 
of cross section a Then if the hydrometer 
floats in water with the point S in the surface, 
there is a volume o AS out of the water 
Consequently if the whole volume of the 
hydrometer is V then the volume of water 
displaced when floating is V — a AS 
If water weighs ic per unit of volume the weight of water displaced 
is therefore w (\ — o AS), 

and this roust equal the weight of the instrument 

It t'lie ’li} drometer is now hoviea in o ’nquih efi wpvc/ut gruvfcy 
s (> 1), the volume now immersed will be less suppose the point P 
is now m the surface In this case, the volume immersed is 
V - o AP, 

so that the weight of liquid now displaced is 

tes (\ — a AP) 

This must also be equal to the weight of the instrument, hence 
„ V-oAS 

tes (V.— a AP) — t <• (V — a AS), s — y _ 0 A p 
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This enables the hydrometer to be graduated before it is sold. 

Example 1 . — To find the specific gravity of a liquid, having given 
that a hydrometer weighing 14 oz. sinks in it until 2-4 cub. in. are immersed. 

Here weight of 2-4 cub. in. of liquid = 1'5 oz. ; 

1>5 

weight of 1 cub. in. of liquid = — oz. = f oz., 

and weight of 1 cub. ft. of liquid = 1728 X -§ oz. = 1080 oz. 

But weight of 1 cub. ft. of water- = 1000 oz. ; 

specific gravity of liquid = = 1-08. 


Example 2 . — To find the density of a liquid in which a common 
hydrometer floats with 3 Jr in. of its stem immersed, having given that 
the diameter of the stem is 0-2 in., the volume of the two bulbs is 
0-754 cub. in., and the weight of the hydrometer l oz. 

Here the portion of the stem immersed is a cylinder of height 
31 in., the radius of whose base is 

| X 0-2 = 0-1 in. 

Hence the volume of the immersed portion of the stem 
= -Sy 2 - X (0-1) 2 X | = 0-11 cub. in. 

Moreover, the volume of the bulbs = 0-754 cub. in. 

Hence the whole volume of the displaced liquid 
= 0-754 + 0-11 = 0-864 cub. in. 


But 


weight of displaced liquid = weight of hydrometer : 
0-864 cub. in. of liquid weighs 4 oz. ; 

1 1 


h oz.; 


1 cub. in. of liquid weighs 


2 x -864 1-728 


oz.; 


cub. ft. of liquid weig^ 7^^g''oz. — 1000 


oz. 


Hence the liquid is of the^same density as water, and its specific 
gravity is unity. 

Example 3. — The stejf( of a hydrometer is divided into 100 equal 
•parts. It reads 0 in miter and 100 in liquid of specific gravity 0-8. 
To find the specific gravity for which the hydrometer reads 50. 

Let 0, Q (Fig. J22) be the points marked 0, 100 ; P the point 
marked 50. 

Let V be thefcolume of water whose weight is equal to that of the 
hydrometer. Tnen V is\ the volume of water displaced when the 
hydrometer floats in waterX 

volume displaced by portion below O = Y. 
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When the hydrometer floats in tho lighter liquid of epecifio gravity 0 8, 
it displaces an equal weight, and therefore a greater volume, of liquid 
volume displaced by portion below Q= V — 8= 1 25 V, 

volumo of stem OQ = 1 25V — V = 0 25V, 
that is, volumo of 100 divisions of stem = 0 25V, 
volume of DO divisions of stem » 0 125V, 

, . volumo displaced by portion below P =- V -f 0 I25V = 1 I25V 
This is tho volumo displaced by the hydrometer in tho gncn liquid, 
and its weight is equal to tho weight of water displaced 

wt ofvol 1*125Y of given liquid >= wt ofvol V of water, 

vvtofvol l of given liquid »= wt ofvol 1 — 1 125 of water, 
, , required specifio gravity of liquid «= 1 — 1 125 = ■£ = 0 8 

[Notf — -Although tho mark 50 is midway botween the 
marks 0 and 100, tho required specific gravity is hot imdwaj 
botween the corresponding specific gravities, for its value is 
0 ft, and not 0 9 as might on first thoughts he expected ] 

Example 4 —II t th the data of the last example to find 
the specific gravity of a liquid uhose reading is 28 
We have seen that 

vol of 100 divisions of stem = 0 25V, 
x ol of 28 divisions = ^ x 0 25V = 0 07V 
vol displaced by hj drome ter in given liquid =* 1 07V 
wt of vol 1 07 V ofliquid = wt of 

vol V of water 

fi,. |.»j specific gravity ofliquid — 1 — 1 07 = 0 9316, 

near!) 

Example 5 — A hydrometer consists of a bulb surmounted by a rod 
of uniform cross section 11 hen trammed t» hjwds of specific jrattliM 
s., $ t , lengths a and b respectively of the ml are above the liquids Prove 
that ichen immersed in a mixture of equal iceights of the liquids a length 
4 (a + />) of the rod in// be above the mixture (Inter Png) 

Let W bo tho weight of tho hydrometer ami V its total volume 
7 hen if the cross sectional area of tho rod is d, the weight of liquid 
displaced when a length a of the rod is above the liquid is 
(V — ad) tjii , 

and this equals \V, the weight of tho hjdrometcr 
Similarly V — (V — bd) s t u 

If the specific gravity of the mixture is S, and when the hydrometer 
is floated m this mixture there is a length A of the rod above the surface, 
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then also W—(V — M)Sw. 

In each case, w is the weight per unit volume of water. 

Thus we have a series of relations from the constancy of the weight 
of the hydrometer: — 

W — (V — ad) Syto = (V — bd) s 2 w — (V — hi) S w (i) 


We may obtain the specific gravity of the mixture (S) in terms of 
the specific gravities of the two constituent liquids (s x and •%). If we 
suppose a volume %\ of the liquid of specific gravity is mixed with a 
volume Do of the liquid of specific gravity s 2 , then since the weights 


are equal 

v i s i — V 2 S 2 (ii) 

and (dj + d 2 ) S = v & + v 2 s 2 fiii) 

Eliminating v t and v 2 from (ii) and (iii), 


+ y- 1 ) S = 2 d 1 s 1 ; 

• g _ 2 s i 5 z 
Si + s 2 
2 

s i s 2 

The relations (i) may be expressed 

W 1 

V-«d=-.- 

W Sj 

W 1 

V - bd = - 

w s 2 

W 1 

V-M=- .i 

w o 


(iv) 


(V) 

(Vi) 

(vii) 


Adding (v) and (vi), 

W 1 \ 
2V - (a + b) d = — ( - + - ) 

W \s y So/ 


W 2 
w 'S 


from 


(iv) 


= 2 (V — lei) from (vii) 

= 2V-2 kd; 

— (a + 6) d = — 2 kd\ 

k=\(a + b). 

(b) Nicholson’s hydrometer. 

This is a constant volume hydrometer, since, when it is floated 
in a liquid, weights are added until a definite volume is immersed. 



174: THE PRACTICAL DETERMINATION OP SPECIPJC GRAVITY 


It consists of a hollow metal container A (Fig 123) to the base of which 
is attached a fixed heavy metal cup B Abov e the container projects 
a metal stem supporting a scale pan C, and on this stem is a fixed 
mark D In whatever liquid the hydrometer is floated, weights are 
placed in the scale pan until D is just in the surface Then in each 
case, exactly the same volume is immersed 

To find the specific gravity of a liquid The following observations 
have to be made 

(l) Find the weight (W) of the hydrometer in air 
(n) Float the instrument and add weights to the scale pan until 
the mark D is m the surface Let these weights be P 


(m) Now float the hydrometer in the liquid whose specific gra\ it} 
is required and suppose that it requires a weight Q to sink the mark 
D to the surface level 

From the first two of these 
. measurements we know the weight 
of water displaced by that part of the 
hydrometer below the fixed mark D 
because this weight of water dis 
placed is equal to the total weight 
of the h)drometer, together with 
the weights in the scale pan, t e 

W + P 

From the third determination we 
have that the weights of the same 
Flg li3 lolumeoi bquid displaced is W + Q 

T , „ ,, , weight of liquid displaced 

Hence specific gravity of liquid = 



W + Q 
W+F 


Example — To find the specific gravity of brandy by means of a 
A icholson s hydrometer weighing 60 grm , having given that 23 7 grm 
are required in the upper scale pan to sink the hydrometer to the fixed 
mark, when placed tn brandy, and that 40 grm are required to sink it 
to the same mark in water 

At first observ ation, the total weight supported by the brand} 

= 60 + 23 7 = 83 7 grm 
Hence weight of brandy displaced =* 83 7 grm 

At the second observation, we have, m like manner, 

weight of water displaced = 60 + 40 = 100 grm 
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But the volumes of the brandy and water displaced are equal ; 

83*7 

specific gravity of brandy = = 0-837. 

To find the specific gravity of a solid. Nicholson’s hydrometer may 
be used to determine the specific gravity of a solid, ])rovided the 
solid is small enough to be placed in the metal cup B. The following 
measurements need to be made: — 


(i) The hydrometer alone is floated in water and weights are 
added to the upper scale-pan until the mnrk D is in the surface. Let 
these weights be P. 

(ii) The solid is now placed in the upper scale-pan, together with 
the weights (Q) now necessary to sink the mark D to the surface. 
Hence the weight of the solid is P — Q. 

(iii) The solid is now placed in the lower metal cup B, the whole 
immersed in water and the weights (Ii) which must be placed in the 
upper scale-pan to sink the mark D to the surface, is noted. 

The difference between (ii) and (iii) is that in (iii) there is the 
additional uptlirust equal to the weight of water displaced by the solid. 
Consequently greater force is needed to depress the hydrometer to 
the mark D in (iii) than in (ii), i.e. B > Q and 


weight of water displaced by solid = R — Q. 

weight of solid 


Hence specific gravity of solid = 


weight of equal volume of water 

P- Q 


R- Q' 


Example . — A Nicholson’s hydrometer when placed' in water required 
a weight of 40 grm. in the upper scale to sink it to the fixed mark. When 
a piece of silver was placed in the upper scale-pan, 8-5 grm. was required 
to sink it, and when the silver was placed in the lower scale-pan, 11-5 grm. 
was required in the upper. To find the specific gravity of silver. 

Here, when the silver was placed in the upper scale-pan, 40 — 8-5 
or 31-5 grm. had to be taken out in order to make the total weight 
the same as before. 

Therefore the weight of the silver was 31-5 grm. 

When the silver was transferred to the lower pan and immersed, 
we had to add 11-5 — 8-5 or 3 grm. to the upper pan to counteract 
the upward tlirust of the water on the silver; 

/. weight of water displaced by silver = 3 grm. 

„ 31-5 

specific gravity of silver = — = 10-5. 
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66 . U-Tubes 


The specific gravities of two liquids which do not mu may be 
compared v eiy simply by means of a U tube 

Let the two liquids have specific gravities s 2 and and suppose a 
quantity of each 13 poured into the U tube as indicated in Fig 124 
If A represents the common surface and B a point m the same 
horizontal plane m the other limb of the U tube, then the pressure 
intensity at A equals the pressure intensity at B (see Chapter III), 
and if there is a length l t of the liquid Df specific grav lty e, then 
pressure intensity at A = P + X 62 J lb wt /sq ft 
where P is the atmospheric pressure 

If there is a length f 2 of the liquid of specific gravity s s abo\ e B, then 
pressure intensity at B = P + Y 62£ lb wt /sq ft 


Equating these two pres°ure intensities 

h s i = 

or > 

h 

te the heights of the liquids above the 


to their specific gravities Thus, if one of 
the liquids is water, or any liquid of known 
specific gravity, the specific gravity of the 
y, g 124 other liquid is obtained directly from the rela 

tion above, having found the lengths I, and l 2 
An example involving this principle has already been worked out 
in Chapter III (Example 1, § 22) 
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67. Bare s hydrometer 

This hydrometer is, in effect, an inverted U tube, but it has the 
advantage that it may be used to compare the specific gravities of 
two liquids without them coming into contact with each other, so that 
it does not matter whether they would mix or not 

The hjdrometer consists of two hollow vertical tubes (A and B) 
connected by a hollow horizontal tube, C, from which part of the air 
enclosed may be drawn off (Fig 125) 

The two vertical tubes have their ends placed m the liquids whose 
specific gravities {t t and s t ) are to be compared Some air is then 
drawn off from the outlet D by a pump bo that the air in the hjdrometer 
is at less than atmospheric pressure and it is then sealed off by closing 
the stopper or valve E This reduction in pressure inside the 
hjdrometer causes the liquids to nse m the vertical tubes Suppose 
the heights above the surfaces F and G are lj and ( 2 respcctivelv If P 
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represents the atmospheric pressure and P' the pressure to which the 
air in the hydrometer is reduced, then the pressure intensity at F = P. 
But the pressure intensity at F equals the pressure intensity at a point 
in the left hand tube at the same level, 

•i.e. P = P' + 1 x s t w (i) 

where 10 = weight per unit volume of the standard substance. 

Again, the pressure intensity at 6 (which is at atmospheric pressure 
P) is equal to the pressure intensity at a point at the same level as G, 
in the right hand tube and this pressure intensity is P' + hsniv. Thus 

P = P' + 1» S 2 W (ii) 

Equating (i) and (ii), 

== IjjSo, 

giving the same relationship as for the U-tube. 

It should be noticed that there is no need for F and G to be at the 
same level. Wherever 
they are, these surfaces 
will be at atmospheric 
pressure, which is all that 
the above proof requires. 

68. Statistical examination 
of numerical results 
Consider again the 
table of specific gravities 
given at the beginning of 
this chapter. It will be 
noticed that all values are 
given to two places of 
decimals, but that in the Fig. 126 . 

case of glass and oak a 

range of variation is given. In fact there will be slight variations in 
many of the others. For instance, since ail the woods will have some 
moisture content, which may vary, the specific gravities for different 
specimens may easily have different figures in the second place of 
decimals. 

Now suppose that an experiment is performed in a laboratory to 
determine the specific gravity of, say, gold. The specific gravity of 
gold, from our table, is given as 19-25, and if a value obtained from an 
experiment was 19-17 this would be considered quite a good result. 
If, ou the other hand, the value obtained was, say, 16-75, it would be 
assumed that something had gone wrong with the experiment, and it 
would be necessary to check that the sample was pure gold and that 
the method had been correctly carried through. But assuming that 

12 
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all possible care is taken, it still will not m general be found that the 
\alue of the specific gravity obtained is exactly 19 25 It may be 
slightly more or slightly less Slorem er, if the experiment is repeated 
with the same sample it is probable that a result differing from the 
first will be obtained This is because, in spite of all possible precau 
tions, a large number of tiny errors creep m which, although they maj 
be individually minute, nevertheless together affect the final value 
obtained It is these accidental errors, as they are termed, which 
cause the slight deviation from 19 25 and in general they will sometimes 
give a result in excess of 19 25 and sometimes less than it Thus the 
“ best ” value for the specific gra\ity will be found by repeating the 
experiment several times and taking the aierage or mean of the results 
The more elaborate the precautions taken in performing the expert 
inents, the closer will be the values to 19 25 , m other words the values 
will be more concentrated about the true value 

When dealing with a large number of measurements of the same 
quality, in addition to the determination of the mean, it is frequently 
useful to have a measure of this concentration, or degree of scattering, 
of the values about the mean The most convenient measure of this 
is called the standard deviation and for fuller information on this and 
allied topics, a hook on statistics should bo consulted 


Exercises IX 

(1) Tho weight of a specific gravity bottlo when empty is 42 grin , and when 
full of water and glycerino respectively, its weight is 222 grm and 
-*C0 grm Tind the specific gravity of glycorine 

(2) A piece of chalk weighs 48 grra in air and 28 grm in water hind it* 
specific gravity 

(3) A specific gravity bottle full of water weighs 44 grm , and when some 
piece* of iron weighing 10 grm in air are introduced into tho bottlo 
and the bottle again filled up with water, the combined weight is 52 7 grm 
At hat is the specific gravity of tho iron 7 

(4) lOOgrm of a certain powder are placed in a specific gravity bottlo weighing 

60 grm and capable of holding 600 grm of water The bottlo is filled 
with ether of specific gravity 0 72, and tho whole is then found to weigh 
474 gro Find the specific gravity of the substanco forming the powder 

(5) A piece of iron (specific gravity = 7 21) weighing 216 3 grm is attacbod 
to a piece of cork weighing 38 grm , and tho weight of both in water is 
36 3 grm , find the specific gravity of tho cork 

(6) A ball of metal weighs 0 lb in air and 8 lb when suspended m water 
AAbat would bo tho spccifio gravity of a liquid in which it would 
weigh 7^ lb ? 
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(7) An iron shell is found to loso half its weight when weighed m water 
What portion of its volume is hollow ? (Specific gravity of iron = 72) 

(S) A body which is soluble in water weighs 27 grm , and when woighed in 
oil of specific gnu lty 0 9 its w eight is 20} grm Find its spocifio gravity. 

(9) A piece of silver and a pioco of gold aro suspended from the arms of an 
equal armod balanco beam, which is m equilibrium when the sdver is 
immersed in alcohol (donsity 0 85) and tlio gold m nitric acid (donsity 1 5) 
Tho densities of tho silver and gold botng 10 5 and 19 3 respectively, 
w hat aro their rclatn o masses ? 

(10) Proio that a brass pound weight made to balanco, on scales, tho standard 
pound of platinum in air, is too great by tho fraction 

(M)/M). 

where A, B, P denote tho specific gravity of air, brn6s and platinum 
respectively 

(11) Whon tho common hydrometer floats m water , s 5 of its volume is 
immersed, and when it floats m milk T B 5 D S of its volumo is immersed 
Fmd tho spocifio gravity of milk. 

(12) Provo that tho bulb of a common hydrometer must have 10} times 
tho volumo of tho stem for reading specific gravity between 1 24 and 1 36 

(13) A Nichohon's hjdromoter weighs 3} oz , and requires a woight of 1} or. 
to sink it to tho fixed mark in water. What weight will bo required to 
sink it to tho fixed mark in a liquid whose density is 2 5 I 

(14) A piece of marblo weighing 142 grm is placed m tho upper dish of a 
Nicholson's hydromotar, and it is found that an additional weight of 
40 grm is required to sink tho hjdromoter to a fixed mark m its stem. 
Whon tho marblo is placed m the lower dish, it is found that 90 grm. 
aro necessary What is tho specific giawty of the, marble 1 

(15) A U tube is fixed with both limbs vertical and contains mercury 
(sp. gr. 13 6) When a quantitj' of a certain liquid A is poured into the 
left hand limb of the tubo and the liquids aro allowed to como to rest, 
the whole of the liquid A is m the left hand limb and the free surfaces 
of A and of tho mercury are at heights of 35 3 and 6 4 cm respectively 
above tho surface of separation of the two liquids Fmd the specific 
gravity of liquid A 

Further, find tho height of a column of a third liquid B (sp. gr 4 7) 
that must be introduced into the right hand kmb m order that tho 
mercury may stand at the samo level in each limb (H S C , I ) 

(1G) A piece of an alloy weighing 06 grm is composed of two metals, the 
specific gravity of one being II 4 and of the other 7 4 If the weight of 
the alloy' m w ater is 86 grm , find the w eight of each motal in the alloy. 

(Inter Sc ) 

(17) A body when weighed m water has an apparent weight of 3 lb and when 
w eighed m a liquid of specific gravity 0 8 has an apparent weight of 
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3 1 lb Find the freight of the body and its apparent weight when 
weighed in a liquid of specific gravity 0-6 

If 1 cub ft of water weighs 62 5 lb and the body is a cube, find the 
length of its edge (H.S C,, I ) 

(16) A light ngid rod ACB is balanced on a knife edge at C Two unequal 
masses P and Q, of densities p, and p,, are bung by fine wires attached 
to the rod, at distances x, and y, from C, so that the rod remains horizontal 
When P and Q are totally lmmerred in liquids of densities c, and <z,, 
the balance of the rod is restored either by moving Q to a distance y, 
from C, keeping x, constant, or by keeping y, constant and moving P to 
a distance x, from C Prove 
(0 rtf, ** 

(n) { 1 -S}'/{ 1 -0}'-i‘J , ,'»tf l (HSC.l) 

(19) The two branches of a U tube are close together One branch contains 
mercury and the other water so that their common surface is at the 
lowest point the difference in height of their upper surfaces is rf If 
1/nth of the water is taken out and poured into tho other branch above 
the mercurj , show that in the new equilibrium position the difference in 
heights of the upper surfaces is (» — 2) d/a, 

ANSWERS 

1. 1 26 2. 2 4 3 7 692 4 2 

5 01935 6 1 5 7 13/13 8 36 

9 1 00352 1 II 1-03 13 10 oi wt 14 2 84 

15 2 03, 156cm 16 6» 7 grm , 33 3 grm 

17 3 5 lb wt , 3 2 lb wt , 2 4 in 



CHAPTER X 

GASES 


69. Introduction 

In tlie preceding chapters we have proved many theorems con- 
cerning fluids in general, but the application of them has mainly been 
concerned with liquids. This chapter is devoted to gases. 

Let us consider first of all what we know of gases so far. In § 17, 
we stated that the pressure intensity at any depth of a liquid depends 
on the atmospheric pressure at the surface; in other words it depends 
on the weight of air pressing on the surface of the liquid. This 
atmospheric pressure we shall consider in more detail later on in this 
chapter. 

Again, in § 52 we proved Archimedes’ Principle true 
for all fluids, gases as well as liquids, and in conse- 
quence of this we found in § 57 the correction for the 
displaced air when a body floated partly immersed in a 
liquid and partly in a gas. This, in turn, was utilised 
in § 64 in the determination of the correction for the 
displaced air to be applied when weighing a solid in air 
as distinct from in vacuo. Here we took the specific 
gravity of air as 0-0013, i.e. taking one cubic foot of 
water as weighing 62-5 lb. or 1000 oz., 

1 cub. ft. of air weighs 0-0013 X 1000 oz. = 1-3 oz. 

70. To find the density of air 

Although we have stated the density of air, we 
have not yet described an experiment from which this 
may be determined. We proceed to this now: — 

A large glass flask fitted with a tap or stopcock is taken; the air 
in it is completely exhausted by means of an air-pump, and the tap 
i3 closed. The flask is then weighed with a balance (Fig. 126). On 
opening the tap, air rushes into the flask and depresses the scale-pan 
carrying it; hence the flask is heavier than before. The difference 
in weight is found by again weighing, and is evidently equal to the 
weight of air which entered the flask; and, if the volume of the flask 
be determined, the density and specific gravity of the air may be found. 

Example. — A flask weighs 273-4 grm. when empty, 276-5 grm. when 
filled with air, and 2658-4 grm. when filled with water. To find the weight 
of a litre of air. 
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eight of air in flask = 276 5 — 273 4 = 31 grm 
weight of equal volume of water = 2658 4 — 273 4 = 2355 grm , 
specific gravity of air = 3 1 — 23S5 = 0 0013, 
but a litre of water weighs 1000 grm , 
weight of a litre of air = 1 3 grm 

It is interesting to consider one of the earbest ways of showing that 
air exerts a pressure In the seventeenth century, Otto von Guericke 
of Magdeburg designed two hollow hemispheres which fitted together 
with an air tight join 'When the air was withdrawn from these 
tightly fitting hemispheres by means of an air pump, it was found that 
considerable force was needed to pull them apart This force is 
required to overcome the resultant thrusts produced by the atmosphere 
on the outer surfaces of the hemispheres We have stated elsewhere 
that the pressure of the atmosphere is approximately 14 7 lb wt /sq in 
hence if we know the diameter of the sphere we 
may determine the exact force required Suppose 
the hemispheres have a diameter of one foot, then 
from § 50 the resultant thrust of the air on the 
curved surface of the hemisphere 
= it (6)* X 14 7 lb wt 
= 1663 2 lb wt 

Therefore at least this force must be applied 
to each hemisphere in order to pull them apart 


71 Measurement of atmospheric pressure 
Fig 127 It was in 1643 that an experiment was devised 

by Tomcelb to measure the pressure of the atmo 
sphere and this experiment resulted in the invention of the barometer 
To perform the experiment or to construct a barometer m its 
simplest form a glass tube about 33 in long and closed at one end 
is completely filled with mercury The open end 13 then closed with 
the finger the tube inverted into a cup of mercury, and the finger 
then removed care being taken not to allow any air to get into the 
tube The mercury will at once sink and leave a clear space at the 
top of the tube and the height of the column of mercury above the 
surface in the cup will b< found to be about 30 indies or 76 cm 
Suppose AB (Fig 127 represents the tube and P the level of the 
mercury We proved m § 15 that the pressure intensity is the same 
at all points at the same le’-el in a liquid Hence the pressure intensity 
in the tube at Q is equal to the pressure intensity in the surface of the 
surrounding mercury, t e the pressure intensity in the tube at Q is 
equal to the atmospheric pressure 
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Now the pressure iutensity in the tube at Q is due to the length 
of mercury PQ, together with the pressure intensity at P. But 
the pressure intensity at P is zero, since AP is practically a vacuum. 
Hence the length PQ measures the atmospheric pressure. In fact, 
AP contains a minute quantity of mercury vapour, but this provides 
only an insignificant pressure intensity at P — we may regard it as zero. 

Suppose, for clarity, the length PQ is 30 in. and we wish to 
determine the atmospheric pressure. 

The pressure of the atmosphere per square inch 

— weight of a column of mercury, 30 in. high, on a base of 1 sq. in. 

= weight of 30 cub. in. of mercury 

= 13-6 X weight of 30 cub. in. of water 
(taking specific gravity of mercury as 13-6) 

62‘5 

= 13-0 X 30 X — r lb. wt. 

12 3 

= 14-75 lb. wt., 

i.e. the atmospheric pressure corresponding to 30 in. of mercury 
is 14-75 ... lb. wt. per sq. in. 

In fact, the length PQ is continuously varying, indicating that the 
atmospheric pressure is changing slightly all the time, and this change 
may be used to predict the weather, since experience has shown that 
certain changes of weather are generally accompanied by certain 
changes of atmospheric pressure. For instance, rainy weather is 
usuafiy preceded by a decrease in the pressure of the atmosphere, 
and an improvement in the weather generally coincides with an increase 
in the atmospheric pressure. 

72. Barometers 

Any instrument designed for measuring the atmospheric pressure 
is called a barometer. In its simplest form it consists of a tube con- 
taining mercury as described in § 71, with a scale attached for reading 
the height of the mercury column. Mercury is suitable in the instru- 
ment because of its high specific gravity, and the barometer need only 
be about 34 in. long. If, on the other hand, other liquids were 
used, the barometers would be much more unwieldy, although, also, 
much more sensitive. If water were used, the length of water column 
corresponding to 30 in. of mercury would be 30 X 13-6 in., i.e. 34 ft. 

Another objection to the water barometer is the difficulty of 
retaining a vacuum at the top of the tub'., since water evaporates 
freely into the vacant space. Glycerin^ has not this disadvantage, 
and since its specific gravity is 1-26, the glycerine barometer is more 
than ten times as sensitive as a mercury barometer. 
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The most convenient form for a mercury barometer is that of a 
U tube with unequal arms and with unequal diameters (Fig 128) 

The mercury in the short limb is open to the atmosphero and the 
difference in height (PQ) gives the length of the mercury column whose 
weight measures the atmospheric pressure This type is known as 
the Siphon Barometer 

Another useful form of barometer is known as the Aneroid Barometer 
This is a hollow metal box exhausted or nearly exhausted of air 
The atmospheric pressure tends to force in the top of the box, but is 
resisted by the elasticity of the metal, which acts like a spring When 
the pressure increases or decreases, the lid sinks or rises slightly, and 
moves a pointer which indicates the pressure on a dial This dial is 
graduated in “ inches ” or * millimetres,” corresponding to the readings 
of a mercurial barometer The aneroid is chiefly 
used on account of its portability 


A 
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73 Boyle’s law 

This experimental law, giving the relation 
between the volume and pressure of a gas at 
constant temperature, was discovered by Robert 
Boyle w 16C2 and, independently, by Manotte 
in France in 1679 It is as follows — 

If the temperature of fl given mass of gas is 
Fig 128 kept constant, the pressure vanes inversely ns 

the \ olumc, * e if p, V denote the pressure and volume respectively, 
then p cc 1 


i e V — X constant, 

v 

or pv — constant 

Alternatively, if a mass of gas has a volume when the pressure 
is p v a volume v 3 when the pressure 13 p s a volume c, when the pressure 
is p } and so on, then 

ja* Wi= w*»*= 

A method of verifying Boyle's Law experimentally is given m §74 

Example 1. — A mass of air at atmospheric pressure occupies 44 cub in 
To find the pressure intensity when the tolume is reduced to 24 cub tn , 
taking an atmosphere as l6 lb /per sq in 

Let p be the required pressure intensity in pounds per square inch 
Then, by Boyle’s Law, j 
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p X 24 = 44 X 15 ; 


P = 


44 X 15 
24 


11 X 5 
2 


27£ lb. per sq. in. 


Example 2. — A bubble of air rises from the bottom of a lake, and its 
diameter has doubled when it reaches the surface. To find the depth 
of the lake. 

The volume of a sphere is proportional to the cube of its diameter 
[V volume = f nr 3 = -J7r(diameter) 3 ]; 

volume at surface = 8 times volume at bottom. 
Therefore, by Boyle’s Law, 

pressure at surface = pressure at bottom ; 
pressure at bottom = 8 atmospheres. 

Now, taking the height of the water barometer as 34 ft., the pressure 
increases 1 atmosphere for every 34 ft. descended. But the difference 
of pressure at the top and bottom is 8 — 1, or 7 atmospheres; 
required depth of lake = 34 x 7 = 238 ft. 

Example 3. — A cylinder, with its axis vertical, is closed at the top 
by a sliding piston of weight 6 lb. and contains gas. When a weight of 
1 lb. is placed on top of the piston, the piston sinks a distance of 1 in. 
Find how much farther it will sink when an additional 1 lb. weight is 
placed 071 it. (Neglect atmospheric pressure.) (Inter. Eng.) 

Let the length of the gas chamber be h in., and the cross-section 
s sq. in. 

Let Fig. 129 represent the three cases. Originally Fig. 129 (a), 
the volume of gas is sli cub. in. and the total pressure is 6 lb. wt. 


t-x 


(a) (b) (C) 

Fig. 129. 

Thus, originally, 

pressure X volume = 6 sh (i) 

In the second case, Fig. 129 (b), when an additional 1 lb. wt. is added, 

the total pressure is 7 lb. wt. and the volume is s (h — 1 ) cub. in. 

Hence pressure X volume = 7s (h — 1) (ii) 

In the third case, Fig. 129 (c), the total pressure is 8 lb. wt. and the 
total volume is now only s (h — 1 — sc) cub. in., where x in. is the 
distance further depressed. 
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and since the pressure intensity at B is atmospheric, 

30 = 30 -/+-^. 

2 + !' 

<* + 2t — 15 = 0, 

(l+5)(t-3) = 0, 
t = 3 is the only possible solution. 

New height of barometer = 30 — 3 in 
= 27 in 

When the reading of the faulty barometer is x in , Fig 131 (c), the 
i olume of the air is (32 ~x)s cub in , and if the pressure is p, we have 
as before 

1 ps (32 — i) = la 30, 

1 15 

i e p = 




32 — x 

Then true height of barometer 

= pressure intensity at Q 
= x -f- pressure intensity at P 
= x + p 

15 

- „; r~ — in 
32 — x 




Fig 132 74 Experimental verification of Boyle s Law 

Boyle’s Law may be verified experimental!} as follows — 

Two glass tubes AB CD (Fig 132) are connected by means of 
flexible rubber tubing and the whole fixed to a vertical stand fitted 
with a vertical scale The rubber tubing and the tubes contain mercury 
between P and Q and air is imprisoned in the upper part of AB 
The tube CD can slide v ertically up and down, changing the pressure, 
and consequently the volume of the imprisoned air In any position, 
the volume of the air in AB will be proportional to the length AP and 
the pressure on this air is the pressure intensit} at P If A is the height 
of the mercurj barometer, 

pressure intensit} at P = pressure intensity at R 
= A -f QR 

It will be found experimentally that AP is inversely proportional to A-f-QB, 
t e AP (A + QR) = constant, 

1 1 volume X pressure = constant 
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To verify Boyle’s Law for any other gas, it is only necessary to 
substitute that gas for air in the tube AB. 

75. Relations between pressure, density, and temperature of a gas 
Suppose a mass of gas has an original pressure p 0 , original volume 
v 0 , and original density p 0 , and that at some subsequent stage by 
altering either the pressure or volume but not the temperature these 
values are p, v, p. 

Then, from Boyle’s Law, 

p 0 v 0 = pv (i) 


Since the mass of gas must remain unaltered we also have 



Pa v Q = pv 

(ii) 

Dividing (i) by (ii), 

Po = 

(iii) 

Po P 

Hence ? is constant for a given gas, 

i.e. 

P = cp 

(iv) 

where c is a constant. 

In other words, the pressure 

in a given kind of gas at a 

given temperature 


is proportional to its density. 

Now suppose that the temperature is altered but that the pressure 
remains constant, there will be a change in volume because an increase 
in temperature will cause the gas to expand. The relation between 
the volumes is known as Charles’ Law, having been experimentally 
discovered in 1787 by J. Charles; it may be stated thus: — 

If the pressure of a given mass of gas is kept constant, for each 
increase of 1° C. in its temperature, its volume increases by a definite 
fraction of its volume at 0” C. 

Thus, if v be the volume of a given mass of gas at t° C., and v 0 
the volume at 0° C., the increase in volume per degree Centigrade is 
av 0 where a is a constant, 
i.e. volume increase for C C. = av 6 t ; 

v = v 0 -j- atv 0 

— V 0 (1 + at) (v) 

If p 0 , p be the densities at 0° C. and t° C. respectively we have 
from (ii), which is still true because the mass is unaltered. 

Po = v 

P V 

Hence (v) becomes 

Pa = P (1 + “0 ( v 0 
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For air and most gases a is found experimentally- to be approximately 
From, equation (iv), we have that the density is proportional 
to the pressure if the temperature is constant, 

» ' p ozp if t constant (ni) 

Also, from (v»), the density (p) ~ pj{ 1 + at) when the prevure is 
constant, and since p 0 is a constant for the gas, we mar write 

p ec - if p constant (nu) 

AVe want to discover from these two relations (vu) and (nu), the 
connection between p, p, i when thev are all liable to varv 
TTe write (vu) as 

p=yx> function of ( 

— PX/V). fix) 

for when t is constant / (t) la constant and we have simply relation (vu) 
Similarly (vui) may be written 

p = - — - — - X a function of p 
1 t at 


■ X $ ip) sav 


(*> 


and equating (ix) and (x) 


4(p) 

1+d 

p 


= P/( 0 

= (1 - cl) fit) 


i e a function of p alone equals a function of t alone which is onlv 
possible jf each 'ide equals a constant- Let this constant be ^ Then 


(5Ip) = p 

“* t (,, =nnra- 

either (n) or (x) becomes 

P 

F Klr^l 

If p~ Ip (1 -t* nl) (xi) 

gmng the relation between p, p t when they are all liable to variation. 

It most be realised that Boyle s and Charles’ Laws are not absolatelv 
true for all ranges of temperature and pressure The conception of 
a “ perfect gas ’ analogous to a perfect fluid ’ is introduced for which 
the gaseous laws are assumed to be true for all ranges If such a 
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“ perfect gas ” were cooled below 0° C., keeping the pressure constant, 
its volume would theoretically vanish, from (v) at a' temperature 
l given by 

1 + at = 0, 



a 


= - 273. 

This temperature of — 273° C. is known as the absolute zero and 
temperatures measured from this zero are called absolute temperatures. 
If we let T denote the absolute temperature, then t° C. is equivalent 
to 273 + t on the absolute scale, 
i.e. T = 273 + 1 



a 


Equation (xi) may be written 

p = kp ( 1 + at) 



— kpaT", 


where v is the volume of the given mass of gas, 

= ka.pv 

= ka X mass of the gas 
= constant, say R, 

then p v — RT (xii) 

Hence the product of the pressure and the volume of a given mass 
of gas is proportional to its absolute temperature. 


Example 1 . — A kilogram of air is contained in a closed vessel whose 
capacity is 1000 cm. 3 . Find the ratio of its pressure to the atmospheric 
pressure, assuming the atmospheric density to be 0-00129 grm.jcin. 3 . 

(inter. Sc.) 

The air in the closed vessel has a volume of 1000 c.cm. and a weight 
of 1 kilog., hence its density is 1 grm./cm. 3 . But the atmospheric 
density is 0-00129 grm./cm. 3 ; 

ratio of densities is 1 : 0-00129, 
or 100,000:129; 

from equation (iv), 

ratio of pressures is also 100,000 : 129. 



192 


OASES 


Example 2. — Tk* volume of a certain mans of gas at 10* C. is 
250 c cm Jf the -pressure is lept constant, at what temperature will its 
volume he 300 c cm. ? 

From Charles* Law, equation (v), 

250 = c 0 {1 + 10a), 

and 300 = *„ (1 -f la), 

where t° G*. is the temperature required 
Dividing the second of these equations by the first, 

300 1 *J* la 

250 ~ f + lOa* 

ir G(1 + 10a) = 5(1 + /a); 

t = ~ + i2 
= GO G° C. since a =* 


Example 3. — A mats oj air under a given pressure occupies 21 cub tn. 
at the temperature of 39° C. Jf the pressure be diminished in the ratio 
3 : 4, and the temperature raised to 78’ C , show that the volume of the 
air will le 30 cuh. tn 


Let p be the original pressure and p l the original density Then 
from equation (xi) 

p = l Pl (1 + 39a) (i) 

In the second ca«e, let the volume he v, the pressure is given as Ip, 
and let the density he p t 

Then \p « k Pi (1 + 78a) («) 

Dividing (i) by (n). 


.Also, since the mass 


/5j 4 1 + 39a) 

“ p70T78«) 

312 p. 1 

= 35i7 J e,nCCa = 273 


2i Pl = r Pi , 


we hat e 


4 = 312 v 
3 “351 21* 


v *= 3G cub in. 


78. Mixtures of gases 

Suppose two different gases, contained m closed vessels of different 
volumes, have the same pressure and temperature. If communieation 
is established between the two vessels and no chemical action takes 
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place between the gases, it is found experimentally that the gases 
permeate each other until they are thoroughly mixed and that -then 
the pressure and temperature are the same ns before. This experi- 
mental fact enables us to deduce two important results: — 

(1) If two gases at the same temperature be mixed together in a 
vessel of volume v, and if the pressures of the two gases alone filling 
the volume v are p l and p ; , then the pressure of the mixture is p l + ju. 

The first gas has a volume v and pressure ;>j. 

The second gas has a volume v and pressure p s , 

but if its pressure were p,, its volume would be 

Pi 


since, from Boyle’s Law, p„v — />j 
Thus we may consider the two gases as having volumes v and 

VoV 

— and both at the pressure 
Pi 

Hence, from the experimental evidence quoted above, if they 



are mixed together they form a mixture of total volume v -f — at a 

Pi 

pressure of p v 

Suppose that this mixture has its volume reduced to v, and that 
its pressure is P. 


From Boyle’s Law 



P = Pi + lh> 

which proves the proposition. 


(2) Two different gases, volumes and v 2 , pressures p l and p 2 
respectively, are mixed together so that the volume of the mixture 
is V. To find the pressure of the mixture if the temperatures are kept 
constant. 

The first gas has a volume at a pressure p v 

The second gas has a volume v 2 at a pressure p 2 , or, alternatively, 

a volume ^1? at a pressure p v 
Pi 

Hence we may consider that both gases are at a pressure p v and 
have volumes v, and 

Pi 

When they are mixed, the volume of the mixture is therefore 


f i + 


Ps v s 

Pi 


at a pressure p v 


INTER. HYD. 


13 
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But the final volume is to be V, let the nece«san pressure be P 
Then from Boyle’s I -aw 




.. P = (A«i+j y,)/V, 
and this is the pressure of the mixture 


Example 1 — A vessel containing 2 hires of air at a pressure of 
i atmosphere ts put into communication with another vessel containing 
3 litres of air at a pressure of 3 atmospheres To find the subsequent 
pressure of the air in the tiro vessels 

If the pressure in each mass of air were changed to 1 atmosphere, 
the air m the first vessel would occupy 2x1 litres = 1 litre, and that 
m the second 3x3 litres — 9 litres The total mass of air would 
therefore occupy 10 litres at atmospheric pressure But it has to 
occupy 2+3 litres = 5 litres (the sum of the volumes of the vessels) 
Since the volume is thus halved, the pressure is doubled therefore 
the required pressure is 2 atmospheres 

E xam ple 2 — Air of volume 2 cub ft and pressure 3 atmospheres 
and air of volume 4 cub ft and pressure 2 atmospheres are sfotrh/ forced 
into an originally empty vessel of volume 3 cub ft During the process 
half the air {by weight) escapes Find the pressure of the air when the 
process is completed {Inter Sc ) 

■With the notation of the previous paragraph, 

Pj = 3 atmospheres, r, — 2 cub ft , 
and p, = 2 atmospheres, r. = 4 cub ft 

From Bovle’s Law, we mav consider the second quantity of air to have 
a pressure 3 atmospheres, when the corresponding volume 0") « 
given by 

3V=2 4, 

\ = £ cub ft 

Thus we have a combined volume 

2 £ cub ft 

all at a pressure p 1 (= 3 atmospheres), 
t e volume of mixture = cub ft , 

and pressure of mixture — 3 atmospheres 
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If the density of the air at this pressure is w lb./cub. ft., then the 
14 : 2 $ 

total weight of air is — lb. and half of this is lost. 

O 

Hence final weight is lb. 

i.e. final volume is -J r cub. ft. at a pressure of 3 atmospheres. 

Since the volume has to be 3 cub. ft., if P is the corresponding pressure 
3P = 3.^ from Boyle’s Law; 

P = 2J atmospheres. 

77. Densities and specific gravities of gases 

We set out below a table of specific gravities of the more important 
gases and the corresponding densities. They are all at a temperature 
0° C. and a pressure of 76 cm. of mercury. 


Air 

Specific Gravities 

0-001293 Nitrogen 

0-001256 

Oxygen 

0-001429 

Carbon Dioxide 

0-001977 

Hydrogen 

0-0000899 

Helium 

0-000178 

Air 

Densities 

... 1-293 grm./Iitre = 0-0807 lb./ 

cub. ft. 

Oxygen 

... 1-429 

„ = 0-0892 

JS 

Hydrogen 

... 0-0899 

„ = 0-0056 

J) 

Nitrogen 

... 1-256 

„ = 0-0785 


Carbon Dioxide ... 

... 1-977 

„ = 0-1760 

>> 

Helium 

... 0-1785 

„ = 0-0111 

11 


78. Decrease of atmospheric pressure "with increase of altitude at 
constant temperature 

The pressure intensity of the atmosphere, which is generally about 
14-7 lb. wt./sq. in. at the earth’s surface, decreases with altitude since 
at any point (P) above the earth’s surface there is less air above P 
than above the surface and consequently the pressure intensity at 
P is less than 14-7 lb. wt./sq. in. However, the decrease is not linear, 
since the air is not homogeneous and consequently its density varies. 

By using the integral calculus we may rapidly obtain an expression 
for the pressure intensity of the atmosphere at a height z above the 
earth’s surface, assuming a constant temperature. 

Imagine a column of air [Fig. 133 (o)], of cross-section s sq. ft. and 
suppose PQ represents an element of the column of length Sz at a 
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height of z ft Let the pressure intensity be p at P and p -f- Bp at Q 
and p 0 at S, the earth’s surface Let the density of the air be 
p 0 at S and p at the height z 

Consider the forces acting on the element PQ [Fig 133 (6)] there 
is a downward force on the upper face of the element of amount 
(p -f- Sp) s lb wt 

In addition there is the weight of the element of air which is 
psSz lb wt , taking p as constant throughout the small range 8z 

Upwards there is the pressure underneath the element of amount 
ps lb wt 


Q 

p p 


Po,Po- 


isz 


T| 

Sz 

il 


{piSp)s 

I 


psSz 


(a) 

Fig 133 


(b) 


Resolving these forces vertically, for the equilibrium of the element 
ps = (p -f Sp) a + pa52, 

0 = Sp + pSs, 


Sz 


= — P 


(0 


Now p \anes with z, but ue know from §75 that for any gas 
pjp = constant, if the temperature is constant, therefore 

Pip — PJPo> 


and (l) becomes 




Taking bmits as Sz -*■ 0, this becomes 

dp _ Po 
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we may integrate 




P A 

Po 


'dz 


— — — l dz since p 0 , p a are constants. 
JV 


Po 

Integrating log e p = z + C, where C is the constant of 

Po 

integration. 

When z— o, p = p 0 and therefore 
logcPo — 

PqZ 

Finally log c p = - — + log e 


“■ io& (ft) = 


£of 
Po 
— pi 

or p — p Q e Po , 


giving the pressure of the atmosphere (p), at constant temperature at 
a height z in terms of p 0 > Po the density and pressure of the air at 
the earth’s surface respectively. 

In fact, the temperature of the atmosphere does not remain constant 
at varying heights but decreases with height above the ground at 
an average rate of 3|° F. per 1000 ft. The rate of fall of temperature 
is known as the lapse rale, the average value of which is very closely the 
same in all latitudes and at all heights up to a fairly well defined limit 
which, for England, is about 7 miles. Above this limit the region is 
known as the stratosphere. 

If we assume a constant lapse rate we may easily determine the 
decrease of atmospheric pressure with altitude, taking this change of 
temperature into consideration. Using the notation of § 75, equation 
(xi) in that section is 

p = kp (1 -{- at) 

— Z'paT. 


Hence 


P = 


P 

L-a T’ 


and equation (i) of this present section becomes 



P 

I;aH 


(ii) 


If, then, the temperature decreases uniformly with the height s, 
T = T 0 - bz, 
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where T 0 is the absolute temperature of the ground and b is a constant 
(in fact, the decrease of temperature per unit of height) 

Sp_ 


Thu» (u) becomes 
and in the limit as S: 


*a(T c -fc)’ 


* 0, this is 
dp 
dz 


ia(T , — H 
f <0* . f «fe 

J}» JiaCTo-*:) 

1 f - Mr 
Za6jT 0 — bz' 

\o ?tP = ^ b lo ? AT t -bz) + C 


(in) 


C mar be determined since p ~ p 0 when s = 0, 

lop.l'.= + c . 

<“> lft ‘ ,raf5 ‘"f- (£)- a *<«■ (tt) 

which is a relation between the atmospheric pressure at anj height, 
the temperature there, the pressure and temperature at ground leiel 
and known constants 


Example — To find the atmospheric pressure at o height of 10 000 ft , 
assuming the temperature remains constant throughout this height 

The atmospheric pressure at the earth s surface (j> 0 ) is 
14 7 lb wt /sq in , i e 14 7 X 144 lb wt /sq ft , and from the table m 
^ 77, the dearth of air at the earth’s surface (po) is 0-0s07 lb 1 cub ft 

?>= jv * 

_ O-QS07 X 10000 

= 14 7e 14 7 X 144 lb wt /*q in 

*= I4 7e — <V35 lb wt/sq in 
= 10435 lb wt /«q in from table® 


Thu® 
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Exercises X 

(1) If the atmospheric pressure is 15 lb. per square inch and the diameters 
of a pair of Magdeburg Hemispheres are 7 in., find the force required to 
pull them apart. 

(2) If the ntmosphoric pressure at the surface of the earth be 14£ lb. por square 
inch, find the height of the mater barometer in feet. 

(3) The section of the closed limb of a siphon barometer is to that of the open 
limb as 3 to 17. The mercury rises 1-275 in. in the closed branch. Wliat 
change takes place in tho mercury of an ordinary barometer ? 

(4) A siphon barometer is so constructed that the long closed tube has an 
internal sectional area equal to J sq. in., while the short open tube has an 
internal sectional area equal to } sq. in. Find what fall will take place 
in the long tube of this barometer when the true pressure of the air 
falls I in. 

(5) A body floats in water contained in a vessel placed under an exhausted 
receiver with half its volume immersed. Air iB then forced into the 
receiver till its density is 80 timos that of air at atmospheric pressure. 
Show that tho volume immersed in water will then bo four-ninths of the 
whole volume, assuming tho specific gravity of air at atmospheric pressure 
to be 0 00125. 

(6) In a tube of uniform bore a quantity of air is onclosed. What will bo 
the length of this column of air under a pressure of 3 atmospheres, and 
what under a pressure of J atmosphere, its length undor the pressuro of a 
single atmosphere being 12 in. ? 

(7) Mercury is poured into a uniform bent tube, open at both ends, and 
having its two branches vertical. One end is closed, its height above 
the mercury being 4 in. How much mercury must be poured into tho 
open end so that the mercury may rise 1 in. in the closed branch ? 

(8) A straight uniform tube closed at one end, whoso length is 2 h, has tho 
open end just immersed in a basin of mercury. If the tube contains a 
quantity of air which under atmospheric pressuro would occupy a length 
of the tube equal to § h, show that the mercury will rise in tho tube to a 
height equal to 3/1, h being the height of the moroury barometer at tho 
time of tho experiment. 

(9) A bubble of air whose volume is 0-0004 cub. in. is formed at the bottom 
of a pond 17 ft. deep. What will be its volume when it reaches the 
surface 1 

(10) When the reading of tho true barometer is 30 in., the reading of a barometer 
the tubo of which contains a small quantity of air, and whose height above 
the surface of the mercury in which it is immersed is 31J in., is 28 in. 
If the reading of the true barometer falls to 29 in., show that tho reading 
of the faulty barometer will be 27-J in. 
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(1J) If the atmosphere were homogeneous of density 0 OS07 lb /cub ft , find 
what its height would be if the atmospheric pressure at the earth’s surface 
is 14 7 lb wt /sq in 

(12) 100 cob in pf air at a pressure of 15 lb to the square inch are pumped 
into a chamber already containing 60 cub in of air at a pressure of 10 lb 
to the square inch What is the pressure of the mixture T 

(13) The top of a uniform cylindrical barometer tube is 33 in above the 

level of the mercury in the container There is a small quantity of air 
imprisoned above the mercury at the top of the tube so that the barometer 
reads 28 6 in. when it should read 29 in What should the barometer 
read when the actual reading is 29 48 in 1 (Inter Sc ) 

(14) A mass of air under given pressure occupies 44 cub in at a temperature 
of 13® C If the volume of the air is reduced to 24 cub in , and the 
temperature raised to 39“ C , show that the pressure will be doubled 

(15) A gas whoso volume is 3 and whose pressure is that of 27 in of mercury 
ib mixed with a gas whose volume is 2 5 and pressure that of 32 in of 
mercury If the original temperatures of the gases were the same what 
volume will the mixture occupy under a pressure of 30 in of mercury, 
the temperature being unaltered 7 

(16) W hen the height of the barometer is 30 in , a glass tube 20 m long, sealed 

at the upper end, is immersed vertically in mercury until the upper end 
of the tube is in the level of the surface of the mercury Find how far 
the mercury will nae in the tube (Inter Sr ) 

(17) Determine the buoyancy of tbe air on a spherical balloon 10 metres in 
diameter, given that a metre cube of air weighs ono kilogram, and, if 
the balloon is filled with hydrogen of which 8 cubic metres weigh a kilogram, 
prove that it can nse if the gross weight is about 458 kdog 

(18) Air at a pressure of 20 lb /m * is imprisoned in a cylinder which is fitted 

with a piston When the piston is pushed m a distance of 8 in from its 
initial position the pressure of the contained air becomes 30 lb /in * 
Calculate tho pressure when the piston is pushed in 12 in from its initial 
position, and the thrust then exerted on tho piston if its section is a circle 
of diameter 6 in (Inter Sc ) 

(19) A cylindrical jar, of length 3 a, open at the top, is inverted and partially 
immersed eo that one third of its length is under water If the height of 
the water barometer is twice the length of the jar, find the distance which 
the water nses in tho jar 

(20) A heavy cubical vessel, made of thin sheet metal, is of side 3 ft and has 
a small hole in one face It floats half immersed on the surface of a large 
sheet of water with this face horizontal and lowermost, the vessel itself 
being one-third full of water If it is slowly drawn down under the 
surface without rotation show that, after its top face has reached a certain 
depth below the surface, it will not nse again if released Taking the 
height of the water barometer to be 34 ft , find this depth (H S C , 1 ) 
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ANSWERS 

1. & atmosphere. 2. 33-40S ft. 3. It in. rise. 

4. 3 in. 6 . 4 in., 36 in. 7. Enough to fill 12 in. of tube. 

9. 0 0006 cub. in. 11. 4-97 miles. 12. 40 lb. wt./sq. in. 

13. 29-98 in. 15. 5-36. 16. 6-28 in. 

17. (l _ s) where s is S.G. of hydrogen compared with air. 
o 

18. 401b. wt./sq. in., 1131-12 lb. wt. 19. 0-31o. 20. 3|| ft. 



CHAPTER XI 

HYDROSTATIC MACHINES 


79 Introduction 

We propose to consider in this chapter the action of machines 
which depend for their working on hydrostatic principles One such 
machine, the Hydraulic (Bramah) Press, we considered in § 10 and 
here we shall study the action of the diving bell, siphon, and a varietj 
of pumps 






80 The diving beU 

This is a heavy cylindrical or bell shaped vessel, closed at the top 
and open at the bottom It is large enough to hold several people 
and heavy enough to sink in water 

P under its own weight, taking its con 

ZIZZ-ZZZTZ tamed air down with it It is lowered 
by means of a chain and its purpose is 
to enable men to work in it at the 
bottom of deep water As it sinks 
mto the water, the pressure of the 
contained air gradually increases since 
it »s equal to the pressure of the water 
with which it is m contact Hence the 
air is compressed and water rises slightly 
in the bell To overcome this, there 
are two tubes connecting the bell with 
the surface, through one of which air is 
pumped while through the other, air can escape The bell is supported 
partly by the tension of the chain and partly by the buoyancy of the 
water, which depends on the volume of air in the bell 

Suppose the bell represented diagrammatically in Fig 134, is 
cj Undncal and no air is pumped in or allowed to escape To determine 
for a certain depth — 


1 1 1 ' 1 1 1 1 

1 1 1 ! ' i 1 1 

1 1 ii ii 1 1 

X 

a * 

T-f 

h~ 





Fig 134 


(1) The height to which water nses m the bell, 

(2) The tension in the supporting chain, 

(3) The volume of air at atmospheric pressure which would have to 
be forced in to prevent the water rising in the bell 

(1) Let H be the height of the water barometer, s sq ft the cross 
section area of the bell, d ft , the depth of the top of the bell, A ft , 
the height of the bell and x ft , the height of free air in the bell 
202 
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Originally the volume of air in the bell = hs cub. ft., and the 
original pressure is atmospheric (H ft. of water). 

The pressure of the air in the bell when it is submerged is equal 
to the pressure intensity of the water with which it is in contact, 
i.e. = pressure intensity at depth (d -j- x) ft. 

— H + d -f- x, 

and the volume, when submerged, 

= sx cub. ft. 

Therefore, from Boyle’s Law, 

original pressure X volume = final pressure X volume, 
i.e. H.hs = (H -f- d -f- a;) sx; 

x 2 + x (H + d) — H h — 0. 

This is a quadratic equation for x with only one positive root, which 
is the value we require, when h — x is the height to which water rises 
in the bell. 

(2) To find the tension in the supporting chain, we equate the 
downward forces acting on the bell to the upward forces. The down- 
ward forces are: — 

(i) Weight of bell. Let this be W lb. wt. 

(ii) Weight of enclosed air. 

The upward forces are: — 

(i) Tension in the chain, say T lb. wt. 

(ii) The upthrust due to the water displaced by the bell. 

The amount of water displaced by the bell is xs cub. ft., therefore 
its weight is xsp lb. wt. if p is the density of water. We may neglect 
the upthrust due to the water displaced by the actual metal of the 
bell, since this will be very small in comparison with the air displaced, 
and we may also neglect the weight of the enclosed air which, again, 
will be very small compared with the weight of the bell. 

Hence, equating upward and downward forces, 

T + xsp — W; 

;. T = W — xsp lb. wt. 

(3) Let the volume of air which must be forced in at atmospheric 
pressure (H) to expel the water from the bell be v. The volume of 
air originally in the bell at atmospheric pressure was hs. 

Thus we have a total volume v -f- hs of air at atmospheric pressure 
H compressed into a volume hs at a pressure of If -5- h d ; 

from Boyle’s Law 

( v -f- hs) H = hs (H + h -f d) ; 
hs (h + d) 

V ~ H ' 
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E x ample 1 — An iron diving bell weighs 6 ton, and holds IGO cub'/t 
of aw To find the tension on the supporting chain when the bell is 
completely immersed in sea water and kept full of air ( specific gravity 
of iron = 7 2, of sea water 1 024) 

Weight of a cubic foot of sea water = 1024 or = 64 lb wt , 
weight of water displaced by air inside = 64 x 160 = 10 210 II) , 

, , „ iron of bell = 6 X 1 024 — 7 2 ton 

= 1911 lb (to nearest lb ), 

total weight of water displaced = 12 151 lb wt 
But weight of bell =G X 2240 = 13,440 lb wt , 

tension of chain = 1289 lb wt 

Example 2 — If a bell whose internal capacity is 200 cub ft is lowered 
in a nter till its base is 20 ft below the surface, to find how many cubic 
feel of air at atmospheric pressure must be pumped m to prevent the 
water from rising inside 

Let v bo the volume which the air filling the bell would occupy 
when at atmospheric pressure 

The pressure of atmosphere = that due to 34 ft of water, 
inside bell = 34 + 20 ft 

The volume actually occupied by the air = 200 cub ft 
Therefore by Boyle slaw 

vx 34 = 200 x 54, 

v = 200 X 54 — 34 = 318 cub ft nearly 
Hence 318 — 200 or 118 cub ft of air at atmospheric pressure 
must be pumped in 

Example 3 — A bottle full of air is inverted and lowered m water 
to a depth of 51 ft To find how much water has entered the bottle 

Here the pressure increases 1 atmosphere for 34 ft , or I $ atmospheres 
for 51 ft descended Therefore the pressure at 51 ft depth is 2\ 
ot * times that at the surface Ilencc by Boyle’s Law, the \olume 
of the air is f its volume at the surface Therefore the water enters 
till it fills the remaining ^ of the volume of the bottle 

Example 4 — A cylindrical diving bell 9 ft high is lowered into a 
lake until the top of the bell is lift below the surface If no air is pumped 
tn to find how high the water rises in the interior 

Let x ft be the height still occupied b> air (AQ Fig 134) 

Then the depth PQ = (11 +x) ft 
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The pressure at Q is therefore that due to ‘a head of water of 
(34 + 11 + x) ft. = (45 + x) ft. 

But the air originally occupied a length of 9 ft. under a pressure 
of 34 ft. head of water. Therefore, by Boyle’s Law, 

« 34 x 9 = (45 + *) X i; 

.-. a; 2 + 45* — 306 = 0. 

Solving this quadratic equation by factorising or otherwise, we have 
(* + 51) (* — 6 ) = 0; 

.'. x = — 51 or 6 . 

Now the length occupied by air cannot be a minus quantity; 

.'. x = 6 , and the water rises in the bell through 9—6 or 3 ft. 

Example 5 . — A cylindrical diving bell of uniform cross-section is 
suspended vertically until its base just immersed in a large lake and the 
air supply line is then closed by a valve 
at its junction with the bell. The diving 
bell has a height h equal to that of the 
water barometer. If the bell is lowered 
a distance nil, find the fraction A of the 
length of the bell which contains air and 
show that, when n is very large, A = 1 jn 
approximately. 

If additional air is then pumped in 
to clear the bell of water, show that this 
is sufficient to fill n such diving bells in 
the original position with air at atmo- 
spheric pressure (n is not necessarily 
taken large here). ( H.S.C. , I.) 

Consider Fig. 135. If A and B 
represent two points at the same level, Fig, 135 . 

A being in the surface of the water in the 

diving bell, the pressure intensities at A and Bare equal. But the pressure 
intensity at A is the pressure to which the air in the bell is subjected, and 
press, int. at B = atmospheric pressure. + press, due to depth of B 
= h + (h — 1 ) h + A h, 

since h is the height of the water barometer and the depth of B is 
nh — h + A h; 

pressure on air in bell = h + (n — l) h + Mi. 

But volume of air in bell = A hs if s = cross-section area. 

Originally the volume was hs and the pressure h, thus from Boyle’s Law 
h .hs = AT is [h + (n — 1) h + Ah]; 

/. 1 = A (1 + » - 1 + A) 

= Am + A 2 ; 
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A is given by 

A* -f An — 1 = 0 (i) 

* A — — In + |Vn* + 4, 

since onli the positive valne of the square root can be taken to gi\e 
a positive value for A 

It is clear from equation (i) that when n is large, A is a small positn e 
fraction and hence A* is negbgible compared with A, so that for \erj 
large values of n, equation (i) becomes approximately 
An = 1, 



n 

Suppose that a aolome V of air at atmospheric pressure A has to 
be pnmped in to clear the bell of water Originally the bell contained 
a s olnme As of air at atmospheric 
pressnre A, thus there is a total 
volume, 

V + As of air at atmospheric 

pressure A, 
but this has been condensed to 
a volume 

As of air at a pressure equal 
to the pressure intensity at a 
depth nA, 

* e a pressure intensity of 

A 4-nA 

Thus, from Boyle's Law 
(V + As) A = As (A -f 
FiS 136 V = f nh 

= n th, 

i e the volume of air at atmospheric pressure required to be pumped 
mun tunes the ^lame of air contained bv the bell in the original 
position at atmospheric pressnre, 

* e the volume required is sufficient to fill n such diving bells in the 
original position with air at atmospheric pressure 

81. The siphon 

This is an instrument which ma\ be ured for emptying vessels 
containing liquid It consists of a bent tube, one arm being longer 
than the other (Fig 136) 

To explain its action, suppose that the siphon has been filled with 
liquid, both ends A, D having been temporarily closed with plug®, 
and that the shorter arm has been lowered into a vessel of the same liquid, 
as in Fig 136 Isow let the end A be opened, the end D being still closed 
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Then, if the height PB is less than the height to which the liquid 
would ascend in a barometer, the pressure of the atmosphere on the 
surface P will prevent a vacuum from forming in the tube, which will 
therefore remain filled with liquid. 

And if Q bo taken on the longer ,arm on the level of the surface 
at P, then (by connecting Q with P by a zigzag or horizontal and 
vertical lines) we may show that the pressure at Q, is equal to that 
at P, t'.e. to the atmospheric pressure. The pressure inside the tube 
at D is therefore greater than outside by the amount due to the column 
QD, and this excess of pressure tends to force the plug out. 

If, therefore, the plug is removed, the liquid will flow out at D. 
And, since no vacuum is formed in the tube, the pressure of the 
atmosphere at P will cause fresh liquid to rise in the tube at A, thus 
producing a continuous stream. 

Thus the two conditions which are necessary for the siphon to 
function arc: — 

(1) The end D must be below the level of the liquid in the vessel 
which is to be emptied, i.e. D must be lower than P, and 

(2) The height of the top of the siphon above the level of the liquid 
must be less than the height of the barometer for the liquid concerned, 
i.e. BP must be less than about 34 ft. if water is being siphoned or less 
than about 30 in. if mercury is siphoned. 

82, Pumps 

The remainder of this chapter is devoted to pumps and we shall 
consider those which depend for their working on the law r s of fluid 
pressure. 

The types of pumps here studied will be 

(i) Water Pumps, for raising water and discharging it at a higher 
level; 

(ii) Air Pumps, for exhausting or partially exhausting the air 
from a vessel; 

(iii) Air Condensers, for increasing the pressure of air in a vessel. 

83. The common or suction pump 

This consists of a barrel or cylinder connected with the water to 
be raised by a pipe which opens into the bottom of the barrel (Fig. 137). 
There is a valve U, opening upwards, where the pipe joins the barrel. 

In the barrel there is a closely fitting piston (P) which can be raised 
or lowered by means of a piston rod connected to the pump handle (L). 
There is another valve V, opening upwards, in the piston and the water 
is discharged through the spout S. 
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To explain the action of the pump start with the barrel full of 
water and the piston at the bottom of the cylinder 

In the up stroke [Pig 137 (o)] the valve V remains dosed and the 
pressure below the piston is reduced and the atmospheric pressure 
acting on the surface of the water in the well forces water up the pipe 
which lifts the valve U and enters the barrel At the same time the 
water above tbe piston is raised to the level of the spout and runs out 
In the down strode [Fig 137 (6)] the valve U closes and the water 
lifts the vahe V and passes from the lower to the upper side of the 
piston P 

In the next up stroke this water is raised to the spout while a 
fresh supply of water runs into the barrel through the valve U 



Since the water below the piston is raised from below by the pressure 
of the atmosphere it follows that the height of the piston abo\e the 
surface of the water must never exceed the height of the water 
barometer otherwise a vacuum will be formed in the barrel and 
water will cease to flow m 

When the pump 13 first placed in water the pipe and barrel are 
full of air which has to be pumped out before the water will rise in 
the barrel 

Suppose we start with the piston at the bottom of the barrel 

In the first up-stroke the air m the pipe expands and part of it 
rushes through the \alve U into the barrel while the reduction of 
pressure allows a column of water to rise up into the pipe 
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In the first down-stroke, the valve U closes, and as soon as the air 
in the barrel is compressed to atmospheric pressure it begins to 
escape through V. 

In the next upstroke, the air in the pipe again expands through the 
valve U into the cylinder, and the reduction of pressure allows the 
water to rise still further in the pipe. This process continues till 
the water at last reaches the barrel, when the continuous action as a 
water-pump begins, and a volume of water equal to that of the barrel 
is raised at each stroke. 

Example 1 . — To find the force required to lift the piston (neglecting 
the iceight of the piston), if its sectional area is 100 sq. cm. and the spout 
is 10 m. above the water surface in the well. 

Let x cm. be the depth of the piston below the spout, h cm. the 
height of the water barometer. Then the pressures above and below 
the piston are due to heads of water of heights 

(h + x) and {h — (1000 — a:)} cm., 

respectively. Therefore their difference is that due to a head of 
1000 cm. (the total height of the column, as we should expect). Hence 

diff. of pressures on tw r o sides of the piston = 1000 grin, per sq. cm. 
Also area of piston = 100 sq. cm. ; 

resultant force on piston = 1000 X 100 grm. — 100 kilog. 

Example 2 . — If the spout is 10 ft. above the water surface, and 5 lb. 
of water are delivered at each stroke, to find the work done in the up-slroke. 

Let the length of the stroke be l ft., and let the sectional area of 
the piston be A sq. ft. 

The difference of pressures on the two sides of the piston 
= that due to a head of 10 ft. of water 
= 10,000 oz. per sq. ft. 

= 10,000/16 lb. per sq. ft.; 
resultant thrust on piston = 10,000 X A/16 lb.; 

.*. work done in up-stroke = 10,000 x A//16 ft. -lb. 

Now A l — volume of water raised to spout in cubic feet; 

lOOOAi = weight of water raised in ounces, 
and 1000A1/16 = weight of water raised in pounds 
= 5 lb. (by data); 

.’. w'ork done in up-stroke = 5 X 10 ft.-Ib. = 50 ft.-lb. 

This is the work required to raise the 5 lb. of water through the 
total height of 10 ft. 

IXTCR. hyd. 1 1 
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Hence the t cork done by the pump is the sat it as if the t cater were 
lifted directly up froti the bottom of the tcell to tie spout This is in 
accordance with the Principle of Conservation of Energy 

Example 3 — The bottom of the barrel is 20 ft above the surface of 
the tcater and the section of the pipe ts a of that of tie barrel find tie 
1 eight of the tcater when the piston has been raised 1 ft given the height 
of tie tcater barometer = 33 ft 

Let x ft be the required height of the v\ ater 
Before the up stroke the air occupies 20 ft of pipe under a pressure 
of 33 ft of water 

After the up stroke the air occupies (20 — x) ft of pipe pi is the 
volume of the barrel under a pressure of (33 — *) ft of water 

Now the volume of air in the barrel is 5 times the volume of an 
equal length of pipe and is therefore equal to 
that of 5 ft of pipe 

Hence the air occupies a total volume 
equivalent to 

(20 - x + 5) ft 
i e 25 — x ft of pipe 
Therefore from Boyle a Law 

20 X 33 = (25 - x) (33 - x) 
x* - 58x + 165 = 0 

x = 55 or 3 

The only possible solution is x = 3 and the 
water rises 3 ft 


84 The lifting pump 

This is an adaptation of the common 
} ump for raising the water above the pump to any desired height 
The top of the barrel (Fig 138) is not open as in the common pump 
but has a lid through which the piston rod passes by means of a tight 
fitting collar From the barrel a pipe leads upwards with a valve 
at the junction 

In the up stroke the water above the piston is hfted up into the 
upper pipe and more listens drawn up into the barrel below the- piston 
In the down stroke the upper and lower v ah cs close the middle 
one (in the piston) opens and allows the water below the piston to 
pass through into the upper part of the barrel 

Thereas no limit to the height to which water can be lifted above 
the piston but as in the common pump the column below the piston 
cannot exceed the height of a barometer of the liquid that is being 
pumped 



Fig I3S 
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85. The forcing pump 

This (lifters from the common pump in having a solid piston 
[Fig. 13ft (fl)}. mid the outlet, pipe lends away from the bottom of 
the barrel, there being a valve (V) at the join. 

In the up-stroke, the valve V closes, the valve U opens and water 
i q drawn into the barrel. 


In the down-stroke [shown in Fig. 13ft («)] the valve U closes, V 
opens and water is forced through the outlet pipe. This results in 
an intermittent flow, since no water is forced through the outlet pipe 
when the piston is being raised. This is, for many purposes, a serious 
disadvantage and this may he overcome to a certain extent by making 
the water pass through the valve V at the bottom of the barrel into a 
chamber (C) [Fig. 13ft (6)], from which the outlet pipe emerges. Thus, 
when the water in this chamber reaches the base of the outlet tube 
a certain amount, of air is 
imprisoned. If water is 
pumped up faster than it can 
get away through the outlet 
pipe the air in the chamber 
is compressed and this pres- 
sure helps to maintain an 
even flow through the outlet 
tube while the piston is being 
raised. 


Down 





(b) 


86. The air pump 

This is simply a common - — ~ 

pump used for pumping out (a) 

air instead of water. The Fig. 139. 

vessel to he exhausted of nir 

is called the receiver (A) and the pump itself consists of a cylinder (B) 
in which a piston travels, both containing valves opening outwards 
from the receiver. 

To describe the action of the pump, consider Fig. 140, and suppose 
the piston at the bottom of the barrel. 

In the upstroke [Fig. HO (a)] the valve V closes, and the air ill the 
receiver and tube lifts the valve U, and part of it passes into the barrel. 
At the end of the up-stroke the barrel is therefore filled with air at 
the same pressure, and therefore also at the same density, as the nir 
left in the receiver. 


In the first pari of the down-stroke [Fig. 140 (b)] the valve U closes, 
and the valve V also remains closed, while the air beneath the piston is 
compressed until its pressure equals (hat of (he atmosphere. 
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In the remainder of the doirn stroke [Fig 140 (c)] the j tston \al\ e \ 
opens and allows the air to escape from beneath the pi ton 

To fnd the density and jvessure of the air left t n the revet rer after 
n sfrolr< 

Let A be the volume of the receiver and connectin'; pipe B that 
of the barrel Let D be the density of the atmospheric air onginalh 
m the receiver Let d, d. d„ be the densities of the air left after 
12 n stroV.es respectivelv 

After the first up stroke the air on'mallv in the receiver expands 
from volume A. to volume A + B Hence since its mass is unaltered 
its densities are connected bv the relation 


d 1 (V + B) = D\ 



Y 


(a) (b) (c) 

hig 110 

During the down stroke the air left in the recener remains at 
the same densitv d 1 unaltered but m the next up-stroke it acam 
expands m \ olume from A to A t B Hence for its subsequent 
densitv we have 


( A t B) = 



At the third stroke the air left in the receiver again expand* m 
■\ olume from V to \ J-B and therefore , 


d, ( V -i- B) = AA 
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Proceeding in this way, it is obvious that the density of the air 
is reduced at each up-stroke in the ratio of A to A + B, and therefore 
after n strokes it is given by 


.<*„ = D 



But since 
we have 


pressure in receiver after n strokes <l n 

atmospheric pressure D’ 


pressure in receiver after n strokes = 


( A \ 11 

p- g j atmospheres. 


Example 1. — The volumes of the barrel and receiver are 25 and 
75 cub. in.; to find the pressure of the air left after 3 strobes. 

In the first up-stroke, 75 cub. in. of air at atmospheric pressure 
expand till they fill the receiver and barrel, i.e. 100 cub. in.; 

pressure after the stroke = f-fir ~ t atmosphere. 

In each succeeding up-stroke, the air remaining in the receiver 
expands from 75 to 100 cub. in., and its pressure is therefore reduced 
to 3 what it was before; 

.'. pressure after 3 strokes = § X f X f = ( f ) 3 ~ §r atmosphere. 


Example 2 . — The volume of the barrel being two-fifths that of the 
receiver, to find how many strokes are required to reduce the density to 
less than one-third the original density. 


Here 


B — — A - • = 

5 ’ A + B 5+2 7' 


Now (f ) 2 = > h (f ) 3 = iU>h (r ) 4 

Hence 4- strokes are required. 


0 2 0 ^-3 

2 TUT ^ 5P 


87. The condenser or condensing pump 

This is, in effect, the ordinary bicycle pump; used to increase the 
pressure of the air in a vessel or receiver. It consists of a barrel B, 
traversed by a piston *P, and communicating at one end with the 
vessel A, into which air is to be compressed. 

This vessel is called the receiver, and is shown in Fig. 141. 

Both the piston and the end of the barrel contain valves V, F 
opening from the outside air towards the receiver. 

In the backward stroke (i.e. when the piston P is being pulled back 
[Fig. 141 (a)], the valve F is closed by the pressure in the receiver, while 
air at atmospheric pressure passes through the valve V to the front 
of the piston and fills the barrel. 
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In the beginning of the forward stroke [Fig 141 (6)] both valves V,"F 
remain closed, and the an ui'ide the barrel is compressed until its 
pressure just equals that in the receiver, except m the first strobe, 
when the air m the receiver is at atmospheric pressure and F opens 
at once 

In the remainder of the forward slroke(Fig 141(c)] the valve F opens, 
and air is forced through it into the receiver 

In what follows, the backward and forward strokes of the piston 
of a pump are together considered as constituting one complete stroke 
of the pump 

Example 1 — The volume of the receiver is SO cub in , and that 
of the barrel 20 cub in Find hmo many strokes must be made before 
the pressure of the air in the receiver is 3 atmospheres 



Fig 141 


Boyle’s Law the density in the receiver is three times the 
density of atmospheric an Hence the air in the receiver would 
occupy 240 cub in at atmospheric pressure, 

160 cub in of air have been forced in 
But at each back stroke 20 cub in of air enter the barrel and 
are forced into the receiver at the forward stroke , 

nuirloer o'l complete Srrdaea ='fe 

Example 2 — To find when the valve in the barrel opens in the next 
forward stroke (sec Example 1) 

The valve F opens when the air in the barrel has a pressure of 
3 atmospheres, that is, when it occupies one-third its original volume 
or the piston has traversed two-thuds the length of the barrel 
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To find the density and pressure in the receiver after it complete strokes. 

Lot A be the volume of tbe receiver, B that, of the barrel, D the 
density of atmospheric, air, d the density in the receiver after n strokes. 

Then tbe receiver originally contained a mass of air AD. 

At each backward stroke a volume B of air at atmospheric density 
D enters the barrel. At the forward stroke this air enters the receiver. 
Hence, after » complete strokes, 

mass of air in receiver = (A jiB) D. 

But its volume — A; 

its density d = D = 

Hence 

pressure in receiver = ^1 ti^\ atmospheres. 

Exercises XI 

(1) A siphon is filled with water and inverted into a vessel ofliquid of specific 
gravity 1 G. What is the condition that the liquid may flow through tho 
siphon 7 

(2) A diving boll whose capacity is GOO cub. ft. is lowered in water until its 
mouth is at a depth of G1 ft. below tho surfnee. How much air nt ordinary 
atmospheric pressure must bo pumped in so that nil the water may bo 
expelled 7 

(3) The top of a cylindrical diving bell, whoso volume is 200 cub. ft. and 
height S ft., is nt n depth of GO ft. below tho surface of tho water. How 
much air nt ordinary atmospheric pressure must be pumped in to hoop 
the bell full of air 7 

(4) A diving boll S ft. high is lowered in water until its top is GO ft. below 
the surface. What depth of water will have entered the bell 7 

(G) A diving bell is lowered in n lake until two-thirds of it is filled with water. 
Show that, if d bo the depth of the top of tho bell below tho surface, the 
height of the bell is 3 {2k — d), where h is the height of tho water barometer. 

(0) If the water barometer stands nt 33 ft. S in., and if a common pump is 
to bo used to raise petroleum from an oil-well, find tho greatest height 
at which tho lower valve of tho pump can bo placed nbovo tho surface 
of tho oil in the well. (The specific gravity of potrolcum is O S.) 

(7) The volume.s of the receiver and barrel of a condenser are in tho ratio 
ofGto 1; find the density of the air in the receiver after3 completo strokes. 

(5) The volume of the receiver of an exhausting air pump being 9 times that 
of tho barrel, how mnnv strokos must bo mado before tho density in the 
receiver is one-third that of tho external air 7 
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(9) A diving bell of cylindrical form is sunk to a gircn depth, how much 
must the temperature of the enclosed air be raised that the water may not 
mo inside the bell 7 

(10) A cylindrical tumbler, the volume and density of whose eubstaneo are 
v and id', and the area of whose internal cross section is A, is forced mouth 
downwards into a liquid of density to prove that it w ill tend to sink 
when the length of the air column inside it reaches the value 



(11) Calculate the height to whiih the water will rise in a cylindrical diving 
bell, 12 ft high, when its top is lowered at a depth of 60 ft , being given 
that the temperature of air at tho surface is 27 a C, height of water 
barometer at surface 33 ft , and temperature of water 7“ C 

(12) A barometer tube 1 ft long, containing air at atmospheric pressure, was 
lowered vertically into the sea with its closed end uppermost When it 
reached the surface again it was found that the water had men to a 
maximum height of 10 in in the tube Taking the height of the mercury 
barometer as 30 in , the specific gravity of mercury as 13 6 and tho specific 
gravity of sea water as 1 025, find the depth reached by tho tube 

(HSC.I) 

(13) A uniform metal pipe of small bore is closed at one end and bent into tho 
form of three quarters of the eircumfercnco of a circle It is placed in 
the vertical plane so that the closed end is at the highest point of the 
circle, and liquid is poured in until it is on the point of overflowing If 
the imprisoned air then occupies half tho length of the pipe, which was 
originally 16 ft in length, find the specific gravity of the liquid Assume 
the water barometer to stand at 33 ft 

(14) A motor ear has its centre of gravity equidistant from tho two axles 
If each tyre has an area of 25 sq in in contact with the ground find the 
pressure of the air in each tyre 

If a tyre has a volume, when inflated of 2000 cub in and originally 
contains no air, find how many complete strokes of a pump must be given 
to inflate the tyre to tho required pressure, the internal volume of tho 
pump being 25 cub in Take atmospheric pressure as 14 5 lb Wt /sq in 
and neglect the volume of tho connection 

(15) A diving bell is in tho form of a circular cylinder of diameter A and height A, 
surmounted by a hemisphere of equal diameter If it is lowered into 
water and no air is pumped in, find the depth of the top of the bell when 
the water just fills the cy Iinder Show that to expel the water from the 
cylinder the volume of air at atmospheric pressure that must bo pumped 
m is (3 -J* A/H) \ , where V is tho volume of the bell and \f is the height 
of the water barometer 

(16) Tho volume of tho receiver of an air pump is A and that of tho barrel 
is B A body when placed under the receiver weighs te oz , and after n 
strokes weighs ic s oz Determino tho weight of the body in a vacuum 

Also, if the density of tho body is p, find tho density of the air in the 
receiver at first l 
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(17) A receiver of capacity R has two barrels connected with it; one condensing, 
the other exhausting. The condensing barrel has a capacity a and the 
exhausting barrel a capacity 6. They take their strokes alternately, 
beginning with the condenser; find the density of air in the receiver 
after n strokes of both, in terms of the atmospheric density D. 

(18) A diving bell is in the form of a hollow paraboloid, 10 ft. long, and it is 
sunk in water with its open end downwards until the water rises 5 ft. 
internally. Pind the depth of the vertex below the surface of the water, 
taking the water barometer as 33 ft. 

(19) An inverted hemisphere, of radius r, is full of air and is forced down so 
that it is just immersed in mercury. If the height of the mercury 
barometer is h, and if the mercury rises a distance x in the hemisphere, 
show that x is given by the equation 

it 4 — (li -f r) x? — 3rvr 2 + (3 r-h 4- 5 r 3 ) x — 2r* = 0. 

(20) A heavy air-tight piston can slide freely in a vertical C 3 ’lindcr containing 
air. Initially the piston is at rest and the air below it is at atmospheric 
pressure, the length of the cylinder containing air then being h. The 
piston is allowed to descend. Show that it comes to instantaneous rest 
again at a distance x from the bottom, given by the equation 

l0g ‘U)“ d ’ 

where d is the distance from the bottom at which the piston would rest 
in equilibrium. Assume that Boyle’s Law holds and that there is no 
change in temperature. 


ANSWERS 

1. The highest point must be less than 21J ft. above the level of the liquid 
in the vessel. 

2. 750 cub. ft. 3. 400 cub. ft. 4. 619 ft. 

6. 42 ft. 1 in. 7. 1-6. 8. 11. 


9. (273 + f)°, where H is height of Water barometer, h depth of foot of 

bell, and 1° the original temperature. 

11. 8-2 ft. 12. 165-7 ft. 13. 13-746. 

14. 28 lb. wt./sq. in., 155. 15. 3H — J/i. 

, c w, (A + B) n — wA" (w, — w) (A + B) n 
lb - ’ tc, (A-f B)" - «>A"' P ' 


(A -f B)" - A" 


-(■-SKaTl)' 


18. 94 ft. 
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TENSION IN PIPES 

88 Tension in the walls of a cylindrical vessel containing a gas 
Consider a cylindrical vessel made of some thin flexible substance 
and containing gas at a certain pressure, then the intensity of the 
gas pressure will be uniform over the whole internal surface 

Suppose a line is drawn in the surface parallel to the length of the 
cylinder [Fig 142(a)] then to present the material of the surface from 
splitting along this or a parallel line the strength of the fibres of the 
material must provide forces F Thus m any plane circular section 
of the cylinder there must be circumferential forces dependent on the 
pressure of the enclosed gas This circumferential force per unit 
length of the cylinder is known as the circumferential tension or hood 



(a) (b) 

Fig 14* 


tension Let this force per unit length (inch) be T lb wt and suppose 
the enclosed gas is under a pressure of p lb Wt per sq in , then we 
may derive T as follows Consider Fig 142 (6), it shows the forces 
acting on a unit length of the upper part of the cylinder Bj resolving 
these forces \ertlcaHy we derive the hoop tension If the radius of 
the cylinder is r then from Chapter VII the upward force (per unit 
length) is p 2 r lb wt Thus 

2T = 2pr, 

anil T = pr 

In addition to this, the material must be capable of withstanding 
the tendency to split along the circumference of any circular section 
by supplying forces S [Fig 143 (a)] 

Thus there is also a longitudinal tension in the surface material 
and if the longitudinal pull per unit length is denoted by L, we ma\ 
determine its value by considering the equilibrium of a plane end 
[F.g 143 (6)3 
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The resultant thrust on a plane end due to the gas is nr^.p, and this 
is balanced by the longitudinal pull L per unit length, acting round 
the circumference of the circular end of length 2nr, as shown. 

Hence 27rrL = Trr 2 p, 


and 


L 


pr 

2 ~‘ 


Thus the longitudinal tension is half the hoop tension. 




This foregoing theory assumes that there is no gas outside the 
cylinder, and consequently no pressure on the outside of the cylinder. 

If, in fact, there is an atmospheric pressure P outside, then the 
resultant pressure on the internal surface of the cylinder will be 
p — P, and thus T = (p — P) r, 

and L = \ (p — P) r. 


89. Tension in thin pipes containing liquid 

We restrict ourselves to the case where the pipes are horizontal 
and suppose that the liquids are under sufficiently large pressures 
that we may neglect pressure differences in the liquid due to slightly 
different depths. Thus we assume that the pressure over the internal 
surface of the pipe is uniform. This will be very nearly so if either 
the pressure is large or the diameter of the pipe is small or both. 

The procedure, then, is exactly the same as for gases, but we may 
make the problem more definite by considering a pipe of small finite 
thickness and obtain expressions for the circumferential or hoop stress 
and the longitudinal stress in the material of which the pipe is composed. 
We have met the terms stress and tensile stress before, but we may 
consider them again now. For example, if a uniform metal rod of 
3 sq. in. cross-section is under tension by a force of 15 ton wt., then the 
tensile stress = A 3 - == 5 ton per sq. in. 

Consider a pipe of internal radius r and thickness t (small compared 
to r) [Fig. 144 (a)]. To find the circumferential or hoop stress, we consider 
a circular section through the pipe and consider the forces acting on 
half of it, exactly as we did for a cylinder containing gas. For a 
length l of the pipe, the area of metal on each side in contact with the 
lower half of the pipe is tl square units (suppose square inches). Then 
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if the circumferential or hoop stress m the metal is / ton per s<j m , 
the total force to resist bursting is 2 ftl But this is balanced by the 
bursting force which is 2 rl p Hence 

2/rt = 2 rip. 


To determine the longitudinal stress, say/', consider Fig 144 (i) 
This represents the forces on the plane end of the pipe The total 
bursting force due to the liquid is nAp If 1 is small the area of 



(a) (b) 

Fig 1*4 


metal in the cross section is 2wr ( and hence this area multiplied by 

/ is the total resisting force 

Thus 2 irrtf = j7T*p 

and / “ 

so that the longitudinal stress is half the hoop stress 

The reason we have postulated that the pipe should be thin is that 
m a thin pipe the stress over the nhole thickness of metal may be 
taken as uniform, hut for a thick pipe this is no longer approximately 
true., the fibres. of metal ueaeex the centre. heia^ mate heavily stressed 
than those further array from the centre The theory of the strength 
of thick pipes is beyond the scope of this book, but reference may be 
made to books on hydraulics 


Example 1 —A wrought iron pipe, internal diameter I ft , has to 
withstand an internal pressure of 1300 lb per tq in , the thicbiess of the 
pipe being 4 in Find the hoop stress 
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Hoop stress == ~ 


_ 1300 X 3 
l ~ 

= 7800 lb. per sq. in. 


Example 2 . — What thickness of pipe, 1 ft. internal diameter, will 
be necessary to stand an internal pressure of 100 lb. per sq. in. if the 
stress in the pipe must not exceed 2000 lb. per sq. in. ? 

Vf 

Thickness = — 

100 x 6 . 

2oocr in ' 

= 0-3 in. 

90. Tension in a spherical vessel containing gas 

By symmetry, the tension in the spherical surface must be constant 
everywhere. 

Consider the forces acting on one half of the sphere. If its radius 
is r, and the tension round the rim of the hemisphere is T per unit 
length, then the total pull across the rim of the hemisphere is T.2 tt r. 
If the pressure of the gas inside the sphere is p, then the total outward 
pressure is rrr 2 .p. 

Thus T.2 ttt = nr 2 p, 

i.c. T = \pr, 

which is half the hoop tension in the case of a cylinder. 

Again, if we have a thin metal sphere, of thickness t, and stress/, 
this equation becomes 

f.2irrl = t Try, 


By comparing this expression with the hoop stress in the case of 
a cylinder we see that if a cylindrical boiler has hemispherical ends, 
these ends need only be half the thickness of the cylindrical part to 
withstand the same pressure. This, of course, will only be true if the 
thickness is small compared to the radius. In practice, the weakness 
caused by rivets and joints must also be taken into consideration. 
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Erercises XII 

(1) A uniform solid rod of circular cross section, diameter d in , u under a 
tension of P ton wt What is the intensity of tensile stress I 

(2) What fluid pressure would just burst a cylindrical metal pipe of internal 
diameter 1 ft , the thickness of the metal being 0 2 in , if the metal can 
bear a tension of 9000 lb per *rj in ’ 

(3) Find the hoop stress in a cjhndncal steam boiler of internal diameter 
7 ft , if the thickness of the plates is J in and the steam pressure is 120 lb 
per sq in 

(4) If, in Question 3 we take into consideration an atmospheric pressure of 
14 7 lb per sq in outside the boiler, w hat is then the hoop stress * 

(5) A cylindrical boiler with hemispherical ends of the same internal radius 
contains steam at a pressure of 10P, where P is the atmospheric pressure 
If the hemispherical ends of thickness f, are exposed to the atmosphere 
while the cylindrical part, of thickness 1 ( is exposed to an external pressure 
of 3P, find the ratio of 1, to (, in order that the stress in the hemispherical 
ends shall be lhe same as the hoop stress m the cylindrical part 

(6) A horizontal pipe with thin walls and inner radius r is foil of water at 
pressure p If there is a bend in the pipe in the form of a quadrant of 
a circle show that there is a longitudinal tensile stress in the pipe near 
the bend, of magnitude pr/2l, where t denotes the thickness of the pipe 
(The assumption is to be made that no external horizontal forces act on 
the pipe near the bend ) 

If tho bend were greater or less than 90’ would this have any effect 
on the tension ? (Inter Eng ) 

(7) A vertical pipe, of height A ft and bore of diameter d in , contains water 
Where is the hoop stress a maximum, and what is this maximum value, 
if the thickness of the pipe is i in , and the density of water is ic lb per 
cub ft * 

(8) A spherical balloon of radius 16 in is filled with gas at a pressure of 20 lb 
per sq m. and rises from the earth If the casing has a thickness of 

m and can just stand a stress of 800 lb per sq in find the height at 
which it bursts Assume that the atmospheric pressure is 14 77 lb wt 
per square inch at the earth s surface and that it vanes at any height 
above the earth a surface in accordance with the expression obtained 
in $ -8 


ANSWERS * 

L ^ ton wt per sq in 2. 300 lb wt /aq in 

3 10080 lb wt /sq in. A. 8S45-2 lb wt /sq in 5 

6 Iso 7 At base. d -~ lb wt /aq ft 8 


9 14 
102178 ft 



CHAPTER XIII 

WORK DONE IN HYDROSTATIC PROCESSES 


91. Work 


When a force is applied to a bod}' and the point of application moves, 
the force is said to do work, and the amount of work done is measured 
by the product of the force and the distance through •which the point 
of application moves in the direction of the force. 

Thus if a force of F lb. wt. move its point of application through 
a distance s ft., in the direction of the force, the work done = Fs ft-lb. 
wt. [Fig. 145 (a)]. If, as in Fig. 145 (b), the force acts at an angle 9 with 
the direction in which the point of application is constrained to move 
(AB), then we require the resolved part of the force in the direction 
AB. This is F cos 6, so that the work done moving the point of 
application from A to B is Fs cos 8 ft. -lb. wt. The resolved part 
of this work perpendicular to AB (i.e. F sin 8) does no work because 
there is no displacement in this direction. 

Now suppose that the force is variable, depending on the exact 
position between A and 

B. Consider a small Nf 

element of distance 8s F ►- 6 — _ ? 

and suppose that the force 

has a value Fin the direc- (a) (b) 

tion of the displacement, Fig. 145 . 

supposed constant 

throughout this small displacement. Then the work done moving the 
point of application through this distance 8s is F . 8s, hence the total 
Work done from A to B is 


jFrfs, 

where the integration is evaluated between limits which correspond 
to A and B. Thus, if with respect to some origin in the direction of 
AB, A is the point where s = s t and B is the point where s = s 2 
(i.e. AB = s 2 — Sj), then 

rs 2 

work done = l Frfs 

Js, 

and, of course, the integral cannot be evaluated until F is known as a 
junction of s (i.e. the form of variation of the force with the distance 
must be known). 

In this chapter we shall only he concerned with work done in 
hydrostatic processes such as the transference of liquids from one level 
to another, the work done in altering the position of a floating body 
relative to the liquid, and the work done in the expansion of gases. 
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Much help may he obtained, especial!) in the case of n amble forces, 
by drawing a force space diagram or tcorl diagram It consists stmpl) 
of plotting the force against the distance, and, from the relations aboi e, 
the work done will be represented by the area under the curve so 
obtained Consider Fig 146 (a) Here we have a constant force F 
plotted lertically against distance moved (plotted horizontally) 
The distance moved is from Sj to s a so that the shaded area represents 
the work done, \ e F (s t — s,) In Fig 146 (6) we have a variable force, 

and the shaded area here is | ’ Fds, which is equal to the work done 

FORCE CONSTANT FORCE VARIABLE 



Fig 146 

Before proceeding with tl e solution of examples it is com ement 
to notice here an application of the force space diagram which is of 
particular importance to engineers Notice, first of a(f that m Fig 
146 (6) we have supposed the curve traced out from P to Q, » e that s 
was increasing If it were traced m the other direction, %e with * 
decreasing, the shaded area would gne thr work done against the 
force F (by other forces), which would be negatn e work as far as the 
force F is concerned 

Suppose we ha\ eu ariable force which mo\ es its point of applies 
tion from A to B (Fig 147 («)], byihe path PQB Then the area PQRBA 
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represents the positive or useful work done by the force. If the 
point of application, when it reaches B, is moved back to A (by other 
forces) by the path RSP, then this path traces out the magnitude of 
the variable force as work is done against it. This negative work is 
represented by the area BRSPA, and hence the total positive or useful 
work done by the variable force as its point of application moves 
from A to B and back is represented by the difference between the 
areas PQRBA and BRSPA, 

i.e. useful work done = shaded area PQRS. 

This theory is used in the determination of the amount of work 
done by a machine operated by fluid pressure on a piston. For instance, 
in a steam engine the forward stroke is obtained by the pressure of 
steam pushing the piston out and driving the machinery. Most of 
the steam then escapes and the piston is then returned to its original 




DISTANCE— ► 


a) 

Fig. 147. 

position, against the diminished steam pressure, by the momentum 
of the machinery. More steam enters and the process is repeated. 
An instrument, called the indicator, is attached to the machine and 
automatically draws the work diagram for the machine. It is then 
called the indicator diagram and is often of the form shown in Fig. 147 (6). 
LM represents the rise in pressure as steam is admitted into the cylinder. 
MNO indicates the fall in steam pressure as the piston is driven forwards 
throughout its stroke and OL indicates the steam pressure against 
which the piston is returned to its original position. These diagrams 
are important to the engineer since they give the total work done by a 
particular engine, and also the variation of pressure from point to point 
as the piston traverses its cylinder. 

It must be realised that although the engineer uses units of foot 
pound weight for work done, equally well we may use the absolute 
unit of foot-poundal. 

We proceed to a few examples. 

13 
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obtained by drawing the line F = zap, where F is the resultant 
upthrust (Fig 149) This is a straight line of the form y ~ mx, and 
consequently the work done is the area of the triangle OAB, where 
OA = A — l Since the height of an ordinate at a distance x is given 
by xap the length AB is equal to (A — l)ap, hence 
total work done = area of triangle OAB 
= |0A AB 
= |(A — /) (A — l) a p 
- \ap (A - 7)« 

which is the same as that obtained in equation (in), 
ah* 

~ i — (p — a)* ft lb wt as before 
“ P 

92 Work and potential energy 

The Potential Energy of a body is its capacity to do work in virtue 
of its position For 
instance, if a mass of 
21b is held at a height 
of 7 ft above the floor 
it possesses a potential 
energy of 14 ft lb wt 
with respect to the 

O— • h-1 ♦'■A floor i e it can do 14 

X - »• ft lb wt of work in 
149 dropping to the floor 

Thus in hydrostatic processes if work is done on a body against 
gravity, there is a corresponding increase in the potential energy of 
the body Again if gravity is allowed to do work on a body there is 
a corresponding decrease in its potential energy Consequently i\e 
may frequently solve problems on the work done in a certain process 
by considering the changes occurring in the potential energies of the 
bodies affected by the process A body of liquid will possess a potential 
energy and if the configuration of the body of liquid is changed its 
change m potential energy will be measured by the product of its 
weight and the vertical height through which its centre of gravity is 
tnuvtdi r YVa vs ru 'EasmjAu \ Witm 

Example 1 — The bottom of a cylindrical 1 cell of cross section 
a sq ft , ts A ft below ground level the height of water in the well being 
d ft Find the work done in pumping all the water up to ground, level 
and the corresponding change in potential energy 

Consider the water contained m the well between horizontal planes 
at depths x and x + Sx below ground level (Fig 150) 
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Tlie volume of the element = aSx cub. ft. ; 
the weight of the element = waSx lb. wt., 
where w is the weight per cubic foot of water. 

Therefore, the work done in bringing this weight of water to ground 
level == x.wahx ft.-lb. wt. ; 

total work done in bringing all water to ground level 
= jwaxdx, 

where x ranges from h — d to h, 

i.e. total work done = 1 waxdx 

J h - d 



= iwa [h 2 — (h — d) 2 ] 

= iwa (Slid — A 2 ) 

= mod (ji — -'j ft.-lb. wt. 

But awd — total weight of water, 

and h — ~ — depth of C.G. of water 
A 

below ground level. 

Therefore, with reference to the 
bottom of the well, the water has gained 
a potential energy of 

awd (ji — ft.-lb. wt. 


Example 2 . — A cold water tank is in 
the form of a cube of edge 4 ft. and is full 
of ivater. It is connected with a cylindrical hot water tank of the same 
cubical content, but of height 6 ft., standing with its axis vertical, so 
that the upper end of the hot water tank is 10 ft. below the base of the 
cold water tank. If the water flows under gravity from the ujyper tank 
to the lower, find the loss in potential energy. 

The volume of water in the upper tank =4x4x4 cub. ft . ; 

weight of water in upper tank = 4 X 4 x 4 X 624 lb. wt. 

= 4000 lb. wt. 

The G.G. of the upper tank is 2 + 10 -f 3 ft. above the C.G. of 
the lower tank; 

.•. loss of potential energy = 4000 X 15 ft.-lb. wt. 

= 60,000 ft.-lb. wt. 
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Example 3 — Sohe Example 2 § 91, by considering the change «n 
potential energy of the system 


Tam again to Fig 148 

When the block is pressed down, it loses potential energy, but 
there is a gam of potential energy by the liquid since the liquid which 
is displaced by depressing the cylinder rises to the surface 

In the final position there is an extra volume of liquid displaced 
of amount (h — l)a cub ft , i e its weight js (A — ap lb wt 


A — 1 

Its G G was originally at a depth l H — below the surface 


Hence, 

potential energy gained by liquid «* [k — l) ap - — J 

«= lap ( h — /) (h -f- 1) ft lb wt 
= lap (h 2 ~ F) ft lb wt (i) 

The weight of cylinder = hao lb wt , 
and its C G is moved downwards a distance h — l ft , 
potential energy lost by cylinder 

=s hao ( h — l) ft lb wt 
= lap (A — Z) ft lb wt 00 

since hao = lap, 

total potential energy gained by system 
= (i) - («) 

= \ap (A* - P) - lap (A ~ I) 

— (A — I) (A + l — 21) 

= \ap (A — l)* ft lb wt 

which is the same expression as that obtained in Example 2 §91, 
ah 2 

and equals 4 — (p — a) 2 ft lb wt 
P 

Thi3 is the total potential energy gamed by the system and con 
sequently is equal to the work done in depressing the cylinder to the 
position required 


E x a m ple 4 — A sphere of weight W and radius a is floating half 
immersed tn a large tessel of water Find the work required to raise it 
just clear of the water 

Here, potential energy is gained by the sphere, since its CG is 
raised a distance a vertically upwards, but potential energy is lost 
by the water which has to run down to fill up the hemispherical space 
left by the sphere being raised 

Potential energy gained by sphere ~\\a 
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The weight of water displaced by the sphere when floating is W, hence 
this is the weight of water which must be lowered from the surface. 
The C.G. of a hemisphere is at a distance of §« from the centre and 
therefore, 

potential energy lost by water = W.f-a. 


Therefore, 

total gain of potential energy by system 
= W a - |W a 
= . 

and this is, therefore, the amount of work which is required to raise 
the sphere just clear of the water. 


Example 5 . — A cylinder of cross-section a floats with its axis vertical 
in water contained in a cylindrical vessel of cross-section 6 a. If the 
density of the water is p, and the cylinder is lifted through a height x 
(but not right out of the water), 
show that the increase in the 
potential energy of the system 
is f apx 2 . 

Method (i).— By finding 
work done directly. 

Consider Fig. 151. AB 
represents the original level 
of the water and CD the base 
of the cylinder. When the 
cylinder is raised a distance x 
so that its base is at C'D', the 
level of the water has dropped 
to A'B', so that the only length then immersed is the difference in 
height of A'B' and C'D'. Let this distance be d. 

When the cylinder is raised a distance x, the volume of water filling 
the space it occupied between CD and C'D' is ax; and this volume has 
come from the lowering of the level from A to A'. 

The area of the water surface =6 a — a 



= 5 a; 

volume of water between AB and A'B' = oa x AA'; 

5o X AA' = ax; 

AA' = lx. 

Let weight of cylinder = W. 

By Archimedes’ ■ Principle this equals the weight of water displaced 
when in equilibrium, 

i.e. W = ap fx + d + . . . (i) 
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After the cylinder is raised a distance x, the length immersed is d 
weight of water displaced — adp, and this 13 the upthrust 
Therefore, 

resultant force downwards = weight of cylinder — upthrust 
— W — adp 

*= ap -f — adp from (i) 

This is th$ resultant force downwards for a displacement x Let 
the displacement of a position intermediate between CD and C^D 
be z, then resultant force downwards for a displacement z 
6 zap 
5 ~~ 

Therefore, the wort, done in increasing this displacement by S2 is 

*3f&, 

5 

total work done for displacement x 


-*c- 

_ 6a/> I 1 
~ b 2 

*= I “P**. 

and this is equal to the increase in the potential energy of the system 
Method (11) — By considering the change of potential energy 
Using the same notation as before, and considering the change in 
potential energy for a final displacement x, 

potential energy gained by cylinder = (m) 

The water which is lowered has a weight axp, and its C G , originally 
at a depth half way between B and B , is lowered to mid way between 

D and D,i< a distance of ~ -f d -f- ~, 

potential energy lost by water =■ axp + d -f ^ 




(IV) 
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total potential energy gained by system 
= (iii) — (iv) 

-a*p ( y + d ) 

/k>X 


= Wic - 


= apx (x + d -f- — axp + (Cj from (i) 

/6a: 3x 


= apx \ 


3 

= - apx 2 , as before. 
- 0 


s ) 


Method (iii). — By finding the area of the work diagram. 

In Method (i) we determined the resultant force downwards when 
the cylinder was raised a distance x; it was [equation (ii)] 

resultant force downwards = 

5 

This gives a straight line if the force is plotted against x, so that the 
work diagram is a triangle exactly as in Fig. 149. Referring to that 
. 6xap 

figure OA is now a, AB is — hence 

o 

area of work diagram = |0A . AB 
1 6 xap 
2 X '~ jf~ 

= japs 2 , 

and this is equal to the increase in potential energy. 


93. Expansion of gases 

In Chapter X, § 75, we obtained the fundamental relation for a 
gas [equation (xii)] in the form 

pv =*= RT (i) 

showing that the product of the pressure and volume of a given mass 
of gas is proportional to its absolute temperature. 

When dealing with the expansion of a gas there are two important 
cases to consider; if the temperature remains constant during the 
expansion, this is then said to be an isothermal expansion. Such an 
expansion must take place very slowly, so that no heat is absorbed. 
Consequently, from the fundamental relation above (i), the relation 
between pressure and volume for isothermal expansion of a gas will 
be given by 

pv = constant (ii) 

since the temperature is constant. 
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therefore, from equation (n), the work done in tlio expansion from a 
\ ohmic t 0 to a \olnme i t w 


»-| 1 1 | ' , ‘ 

& 

* »ho:: 


silicic p 9 is the original prc^uro Similarly, tlio work done m the 
eont taction of a gaa from a i olnmo 1 0 to » , 

l»S-“ 

(n) II orl tl > nr during an m/iahatio exjxintion 
lh< i quat mu f >r ndinliatio change ih 
ft ? «-» K (a constant) 

1 lien fou work dom *-* I j«h 
■>*> 

ir» t v 

~ k r 1 .> »]" 

Ll Y Jr, 


*\M« p 0 W y *"» K )V,\ 


• r ‘ (w, ’’-w/.. 1 -’') 


■ 1 _ 


1 -r' ' 

an ice j»„t # *-» ltT 0 and «’ ltTj 
\Vi proem! to who i»oitio « x ampin 
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Example 1 . — One cubic foot of air, originally al a pressure of 100 lb. 
per sq. in., expands to 10 c«6. ft. Find the work done, assuming (a) 
isothermal expansion, and (b) adiabatic expansion. 

(a) Isothermal expansion. 

The equation is pv = C ; 

C = 100 X 144 lb./sq. ft. X 1 cub. ft. 

= 100 X 144 ft. -lb. 

flO 

The work done = 1 pdv 

= c[ 10 ^ 

Ji v 

= Clog e -V°- 

= 100 X 144 X 2-30258 ft.-lb. wt. 

= 37,557-4 ft.-lb. wt. 


(b) Adiabatic expansion. 

The equation is pvY = K; 


.-. K = 100 X 144 X l y 


= 14,400. 


The work done = 



K 

l — y 
14,400 
- 0-4 


( 10 1 

(io- 


- y _ ji — 


- 0.4 _ !) 


y ) 


= 21,600 ft.-lb. \vt. 


Example 2 . — A horizontal circular cylinder, of cross-section S and 
length a, is full of air at atmospheric pressure P. The air is slowly 
compressed by an air-tight piston until it only fills a length b of the cylinder. 
Assuming the temperature remains constant, find the work done during 
the compression. 

Consider the force acting on the gas in the cylinder when it has 
been compressed to a length x (Fig. 152). Let the pressure of the gas 
be p, then since atmospheric pressure is acting on the outside of the 
piston, the total pressure resisting compression is p — P. 
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Therefore, the total force reding compre^siou — (p — P)S 
Thus, the work done in a negative displacement (i e — &r) 

= — (p - P) S Si, 

Total work done m compression 

= -j , «J>-r>Silr 10 

since the length of cylinder decreases from a to b 
But, since the compression is isothermal 

pr = constant, 
t r P p Sx, 

Pa 

F= T 

152 Thus (i) becomes 

Total work done = — j — P^S dx 

-*b~> 

b 

— PS (b ~ a) — PSa log - 
= PS (b - a) - PSa log " 



Exerases Xlli 

(1) Find tie work done in pumping 1000 gall. of water through * vertical 
bright of 24 ft (1 galL of water weighs 10 lb ) 

(2) A cylindrical well has a crow-sectional area of 10 sq fi . and the bottom 
of the well ts 30 ft below ground. If there is 10 ft of water in the well, 
find the work done in bringing it all op to ground levt-L 

ft) The cross-eectKsnal area of a cylindrical steam engine k l sq ft and the 
length of the stroke ts 2 ft If the mean steam pressure during a stroke 
is 50 lb per sq in., find the work done per stroke 

(4) The direction of a force F is constant and coincides with that of the 
displacement of the particle on which it acts. ABC are three points 
on the line of the displacement such that AB — BC — 5 ft- VS"hen 
P lies between A and B, F = 20 X AP lb., and when P lies between B 
and C, F = 2500 AP* lb Draw the work diagram and by estimation 
from the graph find the total work done from A to C Check ycrar 
result bv calculation (Inter Eng ) 
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(5) A solid cube floats with two faces horizontal in a large tank of water. 
The specific gravity of the cubo is 0-75 and its volume is 1 oub. ft. Find 
tho work done in raising the cubo just clear of the water. 

(0) A oylinder is floating with its axis vertical in a large tank of water. If 
it is pushed down so that an additional length x of its axis is immersed, 
show that the work dono on the cylinder is hex, where 10 is the additional 
weight of the water displaced. 

(7) A sphere of weight W lb. and radius a ft. rests at the bottom of a cylindrical 
bucket, of radius b ft., which is filled to a depth h ft. with wator, h being 
greater than 2a. Provo that tho work which must bo dono to lift the 
sphere just clear of tho water is 

w (*-£)— 8 (*-«— fpKib-wt. 

where S is tho weight of water displaced by the sphere. 

(8) A c3 - lindrical block of wood, whoso cross-sectional area is A, is floating 
in a cylinder (cross-sectional area B) containing wator. Show that the 
work done in pushing the block down to any position where it is not 

• wholly immersed is 

* p, S-0 

whore 7 is tho change in water level and P is force applied to the block in 
its final position. Solve tho problem: — 

(i) by considering the changes in potential onergy, and 
(ii) by integration. 

From tho expression obtained for tho resultant upthrust in any 
position, draw tho work diagram and hcnco evaluate the total work dono 
as an area. 

(9) If, in the last question, the weight of the block is IV and the woight per 
unit volume of water is w, show that tho work dono in lifting tho block 
just clear of tho wator is 

W= 

2ABtt> ~~ A ^' 

(10) A sphere of weight IV and radius a is floating lialf-immorsed in a large 
vessel of water. Find, by integration, the work required to raise it just 
clear of the wator and compare tho result with Example 4, § 92. 

(11) Air at 87° C. expands adiabatically so that its pressure is halved. Find 
the resulting temperature. 

(12) A gas has a volume of 100 cub. ft. at a pressure of 10 lb. per sq. in. and is 
compressed to 20 cub. ft. Find the resulting pressures and the work 
done if 

(i) the compression is isothermal, and 

(ii) the compression is adiabatic. 

(13) A gas contained in a flexible vessel expands adiabatically from a voiumo 
t- 0 to a volume v v If the pressure of the gas is originally p„ and there 
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>s an external atmospheric pressure of P during the expansion show 
that the work done is 

~r l 0v» - p»* i) - p (p, - «,) 

» here p, is the final pressure of the gas 

(14) Gas expands adiabatically from pressure p 9 and volume r, to volume 
r» (1 + a) and then contracts isothermal]/ to volume r. Show that 
the work done by the gas is 

ift [jrrf -« + •>■!’ {7^7- Io s (i + »>}] 

Show that if a 5 may be neglected this reduces to (y — I) 

(15) A sphere of radios a is held immersed at the bottom of a hollow 

cylindrical cylinder, internal radius 2a which is filled to a depth 3a with 
water The sphere is released and takes up its position of equilibrium 
If the specific gravity of the sphere is J and its weight is W, show that 
the loss of potential energy is ■ 


ANSWERS 

1 240 000 ft lb at 2 I5o 750 ft lb wt 3 14 400 ft lb wt 
4 600 ft lb wt 5 17 52 ft Jb wt 10 ^2 11 2-3 9 C 

12 (1) 601b wt per sq in 231 7594 ft lb wt 
(u) 95 191b wt per sq in 325 36S0ft lb wt 



MISCELLAXEO US EXERCISES 


(1) The plunger of n Bramah press has a diameter of 1 in. and is operated by 
n lover ■whose velocity ratio is 12 : 1. The diameter of tho rum is 10 in., 
and the efficiency of the press is 85 per cent. Find tho force exerted 
by the mm when a force of 35 lb. wt. is applied to the hnndlo of tho lover. 

(Inter. Sc.) 

(2) Define specific gravity. 

Tho apparent w eights of a piece of glass when completely immersed 
in water and glycerine (of specific gravity 1-25) aro GO grm. and CO grm. 
respectively. Determine the specific gravity of tho glass. (Inter. Sc.) 


(3) A canal lock-gate is 12 ft. broad and tho depths of water at tho opposite 
sides of tho gate are 1G and 10 ft.; find in tons weight tho magnitude of 
tho resultant water thrust on tho gate, assuming that n cnbio foot of water 
hns a mass of G2-5 lb. 


(4) A cube, each side of which is G in. long, lies at tho bottom of a water 
tank 5 ft. deep. Calculate in pounds weight tho resultant fluid 
pressure on tho upper horizontal fnco of the cube, and also on a vertical 
face, assuming that tho ntmospherio pressure is that duo to 34 ft. 
of water, and that a cubic foot of water weighs 02} lb. 

(3) Two circles nro drawn on a vertical wall of a reservoir; they touch each 
other externally, and tho centre of the one (radius r) is vertically below 
the centre of the other (radius R). Tho water in tho reservoir rises so 
that the upper circle is just immersed. If r = lt/r, show that, when tho 
resultant pressures on tho two circles are equal, x is given by tho equation 
x 3 - 2x - 1 = 0. 

Show thatx = — I is a solution of this equation and bento that tho only 
positive solution is 

*=}(! + V<5>- 


(fi) Show that the magnitude of the thrust on a plane surface of aica A 
immersed in ir liquid is pAd, where p is tho density of tho liquid and d 
is the depth of tho mean centre of tho area below tho freo surface. 

A hollow regular pyramid, made of thin shoot metal, has a squaio 
base of side 2a and vertical height 3a. Tho pyramid is completely filled 
with water, tho weight of the water being four times that of tho pyramid 
itself. If tho whole rests with tho baso of the pyramid on a horizontal 
plane, show that tho thrust of tho water on tho baso of tho pyramid is 
2-4 times tho thrust of tho whole on tho plane. 

Find tho magnitudo and direction of the thrust of tho water on a 
slant face of the pyramid and use those results to explain tho apparent 
anomaly above. (H.S.C., I.) 
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SIISCEI LANEOUS EXERCISES 


(7) A heavy uniform bar of specific gravity 075 partly rests in water, the 
upper end being fixed at a point which is a quarter of its own length 
above the surface Show that a position of rest is at an inclination of 
30“ to the horizontal 

(8) A hollow cone consisting of a curved surface closed by a circular base 
both made of thin sheot metal, is 12 in high and has a radius of 5 in 
The cone is to rest completely submerged in water with its vertex fixed 
and its axis horizontal, find the necessary weight of metal per square 
inch of surface, assuming that a cubic foot of water has a mass of 1000 oz 

(9) Prove that a diver who is ablo to stand a pressure of n atmospheres can 
doseond to a depth of » timos the height of tho water barometer, and 
that if the diving dress when inflated displaces V cubio feet, it must bo 
loaded with 64 V lb of lead in sea water of specific gravity I 024 for tho 
diver to walk abont the bottom of tho sea with the same ease as on 
dry land 

(10) A rectangular tank is divided into two compartments by a vertical dia 
phrftgm Tho two compartments are then filled to boights h, l with liquids 
of densities p. a respectively Show how to choose h and h so that tho 
resultant of the pressures on the diaphragm shall reduco to a couple, 
and find tho magnitude of this coaplo per unit broadth of tho tank 

(11) A cylindor of radius r floats m liquid of donsity a inside a cylindrical 
vessel of radius a Show that if a mass W be plaoed on tho floating 
cylinder, it will sink by an amount 

S(i-i) 

(12) A thin hemisphere without baso is placod in close contact with a metal 
disc which is horizontal and lowermost if the common radius of tho 
hemisphere and diso bo 1 in and the weight of the diso 4 07 , find tho 
extent to which the enclosed air must be rarefied m order that a weight 
of 25 lb may be suspended from the centre of the disc (Tako tho 
atmospheric pressure as 16 lb per square inch ) 

(13) State and prove the principle of Archimedes 

A piece of metal which weighs 10 kjlog floats in mercury with 6/9ths 
of its volume immersed Find the volumo and density of tho metal, 
assuming the specific gravity of tho mercury to be 11 5 (Inter 6c ) 

(14) A cube of ice, specific gravity 0 918, floats in eca "water, specific gravity 

1 026, with two ficoa horizontal and projects 1 cm above tho surfoco 
of the water hind to what height it will project if transferred to float 
m fresh water (Inter Sc ) 

(16) A closed cubical box of side 2 ft is half full of oil, specific gravity 1 3, 
and half full of water It is tilted about one edge which is horizontal 
until tho faces about this edge are inclined at 45® to tho horizontal Find 
the liquid thrust on one of the vertical faces of the box (i) if tho oil and 
water are not mixed, (u) if the oil and water are thoroughly mixed Tako 
tho density of water to bo 62 5 lb /ft* (Inter fee) 
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(10) Prove that tho depth of the ccntro of liquid pressure on a triangular 
lamina vertically immersed with one edge in tho frco surfaco is half tho 
depth of the lowest point of tho lamina. 

The triangular lamina ABC is vertically immorsod with tho edgo 
AB in tho frco surfaco and C at depth h. If D is tho mid-point of BC, 
show that tho depth of tho ccntro of liquid pressure on tho triangular 
portion ADC is 7A/12, and find tho ratio of tho thrusts on ADC nnd ADB. 

(Inter. So.) 

(17) ABC is a triangular lamina, tho angle A being a right angle and tho angle 
B 30°. It can turn freely in ita own piano which is vortical, about A 
which is fixed in tho surfaco of water. If it is in equilibrium with C 
immersed nnd AC making an angle of GO 0 with tho horizontal, show 
that tho specific gravity of tho material composing tho lamina is J. 

(Inter. Sc.) 

(IS) Tho cro=s.section of a barometer tubo is one squnro inch, tho Torricellian 
Yncuum is 4 in. in length, nnd tho barometric height is 30 in.; one-fifth 
of a cubic inch of tho external air is now introduced into tho vacuum, 
nnd at the snmo timo the nbsoluto tomporature is diminished by ono-sixth; 
putting tho contraction of tho mercury out of tho question, find tho 
pressure in tho vacuum. 

(19) A hollow right triangular prism is closed nt tho top by a heavy lid ABC 

hinged along BC. Tho prism is filled with water nnd tho whole tilted 
about BC, which ia kept horizontal, until water just begins to escape. 
Show that the anglo made with tho horizontal by tho plane ABC is the 
samo whether A is nbovo or below BC. (H.S.C., III.) 

(20) A right circular solid cono (spccifio gravity >1) is suspended by a string 
attached to a point on tho circumforonco of its base nnd rests completely 
immersed in water, with tho point of attachment of tho string in the 
surfaco of tho water. If tho height is doublo tho radius of tho baso, 
show that tho horizontal and vertical components of tho resultant fluid 
pressure on its curved surfaco aro respectively GW/5 and 8W/5, where 
W is the weight of tho water displaced by tho cone. 

(21) A thin hollow vessel in tho shape of a paraboloid of revolution floats in 
a liquid of density p with its axis vertical and vortex downwards. If 
tho weight of tho vessel itself can bo neglected, find to what height it 
must bo filled with liquid of density a (a > p) in order that its vertex 
may be nt a distanco h below tho frco surface of tho first liquid. 

(22) Find tho centre of liquid pressure of a rectanglo immersed in a liquid 
with one edgo in tho surface. 

A hollow cubo of sido a with ono face horizontal has its lowor half 
filled with water, whilst tho upper half is filled with a liquid of specific 
. gravity 0 9. If tho two liquids do not mix, show that tho depth of tho 
centre of liquid pressure on a vortical face of the cubo is 149o/222. 

(Inter. Sc.) 
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(23) A quadrilateral ABCD, with sides AB = AD, CB = CD is totally 
immersed vertically in ft liquid mth the vertex A on the surface and the 
diagonal BD horizontal If the perpendiculars from A and C on BD 
are of lengths a and b respectively, prove that the centre of pressure 
of the quadrilateral will be at the mid point of BD provided 

2a=(v/&+l)6 (II SC, I) 

(24) Find the depth of the centre of pressure of a triangle immersed vertically 
in liquid with one side m the free surface 

A triangle ABC, right angled at C, is immersed vertically in water 
with AB in the free surface It is then rotated about A until AC is 
vertical Show that the depths of the centre of pressure on the triangle 
ABC m the two positions are in the ratio 2 sin a 3, where a is the 
angle BAC (Inter Sc ) 

(25) Find the depth of the centre of pressure of ft triangular area ABC Immersed 
vertically m liquid with the aide BC in the free surface at which the 
pressure vanishes, given that the depth of A below BC is d 

If X is the point of the aide AC such that the liqnjd thrusts on the 
triangles BCX, ABX are equal, show that the depth of tho centre of 
pressure of the triangle ABX is 

d(l-JV2) (HSC, I) 

(26) A closed vessel of thin sheet metal consists of a right circular cylinder, 
radius a, height a, closed at one end and having the rim of the other 
end soldered to the nm of the base of ft circular cone of radius a and 
height a It is held with its axis vertical and conical part uppermost, 
and filled with water through a small orifice at tho vertex of the cono 
If the orifice is now closed and the vessel inverted, find tho ratio of tho 
liquid thrusts on the curved conical surface in the two positions 

(Inter Sc ) 



ANSWERS 


1. 35,700 lb. wt. 2.2-5. 

3. 20-1. 4. 001 '6 lb. wt., 005-5 lb. wt. 

6. 2a 3 <r\^10 : tan* 1 (3) with vertical. 8. 0 035 oz./sq. in. 

10. Pressure reduces to a couple if ph T = ol~. Magnitude of conple is 

a):' (I, — i)/0. 

12. 4(i-4'}i. 13. 1$ litres; 7-5 grin. /cm. 5 . 14. 7-70 mm. 

15. (i) 371-2 lb. wt.; (ii) 400-8 lb. wt. 1G. 3 ; 1. 

18. That line to 1 in. of mercury. 21. h\/(plo). 20. 1 : 2 
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AUSOLUTI! temjieraturo, 101 
Adiabatic expansion, 231 
Mr, density of, 181 
— jminn, 211 
Aneroid barometer, 184 
Archimedes' Prinelpjo, 134, 133 
Atmospheric pressure, 28, 182, 105 


llAKOMETL’K, 183 

— aneroid, 181 

— siphon, 181 
JtoyloVi Law, 181 

~ — experimental verification, 188 
llrnmnh press, 10 
Ilitoyaney, 121 


O/JNTlli: of buoyancy, J24, 133, 142, 
HU 

gravity, 42 

— — * osriIJntlon, 07 

— — jtrcssUro, 30, 30 103 
by calculus, 72 

— 8' nrn ' trlcally, 77 

graphically, 101 

Charles’ j,nw, ISO 
Circumferential tension, 218 
Common pump, 207 
Condenser, 213 
Conservation of energy, 0 
Correction for displaced air, HI, 108 


DENSITY, 15 
Derived figures, 65, 101 
IHsjtlacvd air, 143, IflK 
— liquid, HO 
Hiving Ml, 202 


Fluid pressure, 1 12 

Form of buoyancy, 121, 133, HO 

— pumj i, 211 


GASEOUS lawn, 180 
adiabatic, 23t 

— — inotbormn!, 233 
Cason, 181-200 

— - densities of, 105 

— mixture of, 102 


HOMOGENEOUS fluid, 26 
llbo/i sirens, 220 

— tension, 218 
Horizontal thrust, 110 
Hydraulic press, 10 
Hydraiilirs, I, 100 
Hydrodynamics, I, 4 
HydtoviMM*, 11A 
-Hare's, J70 

— Nicholson's, 173 
Hydrostatic balance, 101 

— machines, 20 J 10 

— paradox, 1 1 


INDICATOR diagram, 225 
Isothermal t spansion, 233 


LAP8C rate, J 07 
Lifting pump, 210 
Limiting values, 0, 25, 43, 70 
Line of resistance, 100 
Liquid, 2 

Longitudinal stress, 220 
— tension, 218 


IT] rOTIVi: surface, 101 
Equilibrium of floating bodes, 133 50 

— — — — under constraint, 148 

— — submerged body, HI 
Expansion of gases, 233 


MAO Unit UKO hemispheres, 182 
Mario tie, 184 
Mass, 14 
Matter, I 

Moment of Inertia, 01 


1 LOATINd bodies, 133 50 
Huh], 3 

— homogeneous, 25 

— perfect, 4 


PASCAL’S Law, 8 
Perfect fluid, 4 
Potential energy, 22H 
Ponndal, 16 
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Pressure at a point, 6 

— atmospheric, 28, 182, 195 

— average, 5 

— centre of, 70-103 

— effect of immersed solid on, 14G 

— fluid, 4, S 

— intensity, 5, 24-38 
Pumps, 207-15 

— air, 211 

— common, 207 

— condensing, 213 

— forcing, 211 

— lifting, 210 

— water, 207 


RETAINING walls, 104-7, 110 , 

Rotated area, centre of pressure of, 85 


SCALARS, 14 
Shearing forco, 3 
Siphon, 206 

— barometer, 184 
Solid, 2 

Specific gravity, 15-23, 160-80 

bottle, 161 

of mixtures, 18-22 

practical determination of, 160-80 

-tables, 160, 195 

— heat, 234 

Statistical examination of results, 177 
Stratosphere, 197 
Stress, 3 

— tensile, 106 
Submerged body, 144 


TEMPERATURE, absolute, 191 
Tonsion, circumferential, 218 

— hoop, 218 

— in pipes, 218 

— in spherical vessel, 221 

— longitudinal, 218 
Thrust, 5, 39-69, 116 

— graphical determination of, 63 

— horizontal, 119 

— on curved surface, 116-39 

— resultant, 39, 116-39 

— total, 39-69 

— vertical, 117 
Torricelli, 182 

Transmissibilify of fluid pressure, 8 


UNITS, 7, 14 
Upthrust, 133, 149 
TJ- tubes, 34, 176 


VECTORS, 14 
Vertical thrust, 117 

on immersed body, 123 

Viscous fluids, 3 


WEIGHT, 14 
Work, 223-38 

— by constant force, 223 

— by expansion of gases, 235 

— by variable forco, 223 

— diagram, 224 



120 PRESSURE OP HEAV\ FLUIDS (5) 

(2) The horizontal component of the reaction (It JT ) exerted b} the 
cun ed lamina ABGD 

Hence these are equal and opposite, and since the thrust exerted 
b) the fluid on the lamina is equal and opposite to the reaction exerted 
bj the lamina on the fluid we have — 

Resultant horizontal thrust of the fluid on the area in a given 
horizontal direction is equal to the thrust which would he exerted 
on the projection of the area on to a vertical plane perpendicular 
to the given direction and acts through the centre of pressure of 
that projected area 

Example — A hollow hemispherical shell of radius r is immersed 
*n liquid of density p mth a diameter vertical If the centre is at a depth 
l, find the resultant horizontal thrust on the hemisphere 

The projection of the hemispherical shell is a circle, radius r and 
centre at depth A Hence, by the theorem above, the resultant 
horizontal thrust on either side of the curved surface of the hemi 
spherical shell is equal to the thrust on the circle This, from § 27 
(Case 7) is rr^pk and the depth of the centre of pressure of the circle 
13 A+^ from § 42 (Example 2) Thus we know the magnitude and 
position of the resultant horizontal thrust 
51 Examples 

We now propose to solve some problems concerning thrusts on 
curved surfaces in which we may compound the resultnnt vertical 
and horizontal thrusts to obtain a single resultant 

Example 1 — A closed cylinder of radius r ft and length l fl is just 
full of liquid of density p lb per cub ft If the cylinder is held with 
its axis horizontal, find the liquid thrust on each half of the curved surface 
determined by a horizontal plane through the axis 

The resultant v ertical thrust on the upper half of the curv ed surface 
of the cj linder will be the weight of the liquid which w ould stand on 
this part if the liquid were outside instead of inside, the levels in the 
two cases being the same Fig 88 shows the section 

Thus the v olume of liquid standing on the upper half 
= 2r*/ — hnrV cub ft 
= Ir* (2 - cub ft , 
weight of liquid = lr*p (2 — jn) lb wt 
Hence the resultant vertical thrust on the upper part is /r*p( 2 — hr) 
and acts upwards as shown in Fig 88 (since it acts through the centre 
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of gravity of the liquid). If this upper half were divided by a vertical 
plane through the axis, it is clear that the horizontal thrust on one 
half would he equal and opposite to the horizontal thrust on the other 
half so that- there is no resultant horizontal thrust. Consequent!}', 
the resultant vertical thrust obtained above is in fact the total liquid 
thrust on the upper half. 

The resultant vertical thrust on the lower half is obtained in exactly 
the same way by finding the weight of liquid which would stand on 
the lower half. The section is as in Fig. 89, so that this weight 
= p (2 rl -f- !»fl) 

= Ir-p (2 l~) lb. wt. 

As in the case above, there is no horizontal thrust, so that this 
represents the total liquid thrust on the lower half. 




Fig. 88. 


Notice that the difference between the thrusts on the lower and 
upper halves gives, as it must do, the weight of the cylinder of liquid. 
Thus b'-p (2 4- h~) - lr-p (2 - l-rt) = t rr-lp. 


Example 2 . — A basin is in the form of the part of a hemisphere of 
radius 5 in. between its plane face and a parallel section of radius 3 in. 
which forms the base of the basin. If it is placed on a horizontal table 
and contains water to a depth of 1 in., find the resultant liquid thrust 
on the curved surface, taking the weight of 1 cub. ft. of water to be 624 lb. 
[The volume of a segment of height h cut from a sphere of radius a is 
rrtfip-lh).} (Inter. Sc.) 

Let ABCD (Fig. 90) represent the basin, EF the surface of the 
water, and 0, L, M the mid-points of AD, FE, BC respectively. 

Since OC = 5 in., MG’ = 3 in., then by Pythagoras’ theorem, 
OM = 4 iu. 



